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ABSTRACT 

S o m e m u l t i p o i n t i t e r a t i v e m e t h o d s w i t h o u t m e m o r y f o r 

a p p r o x i m a t i n g s i m p l e z e r o s o f f u n c t i o n s o f o n e v a r i a b l e 

a r e d e s c r i b e d . F o r m > 0 , n ^ O , a n d m + l ^ k > 0 , t h e r e e x i s t 

m e t h o d s w h i c h u s e o n e e v a l u a t i o n o f f , f 1 , . . . , f^ m ^ 

f o l l o w e d b y n e v a l u a t i o n s o f f v 1 f o r e a c h i t e r a t i o n , 

a n d h a v e o r d e r o f c o n v e r g e n c e m + 2 n + l . I n p a r t i c u l a r , t h e r e 

a r e m e t h o d s o f o r d e r 2 ( n + l ) w h i c h u s e o n e f u n c t i o n e v a l u a t i o n 

a n d n + 1 d e r i v a t i v e e v a l u a t i o n s p e r i t e r a t i o n . T h e s e m e t h o d s 

n a t u r a l l y g e n e r a l i z e t h e k n o w n c a s e s n = 0 ( N e w t o n ' s m e t h o d ) 

a n d n = 1 ( J a r r a t t ' s f o u r t h - o r d e r m e t h o d ) , a n d a r e u s e f u l 

i f d e r i v a t i v e e v a l u a t i o n s a r e l e s s e x p e n s i v e t h a n f u n c t i o n 

e v a l u a t i o n s . E x p l i c i t , n o n l i n e a r , R u n g e - K u t t a m e t h o d s f o r 

t h e s o l u t i o n o f a s p e c i a l c l a s s o f o r d i n a r y d i f f e r e n t i a l 

e q u a t i o n s m a y b e d e r i v e d f r o m t h e m e t h o d s f o r f i n d i n g z e r o s 

o f f u n c t i o n s . N u m e r i c a l e x a m p l e s a n d s o m e F o r t r a n s u b r o u t i n e s 

a r e g i v e n . 

HUNT LIBRARY 
CARNEGIE-MELLON UNIVERSITY 
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1 . INTRODUCTION 

T r a u b ( 1 9 6 4 ) a n d J a r r a t t ( 1 9 6 9 ) h a v e c o n s i d e r e d m u l t i p o i n t 

i t e r a t i v e m e t h o d s f o r a p p r o x i m a t i n g a s i m p l e z e r o o f a f u n c t i o n 

f w h i c h i s m o r e d i f f i c u l t t o e v a l u a t e t h a n i t s d e r i v a t i v e f . 

( E x a m p l e s o f s u c h f u n c t i o n s a r e g i v e n i n S e c t i o n s 8 a n d 9 , ) 

J a r r a t t i m p r o v e d T r a u b ' s r e s u l t s b y g i v i n g a f o u r t h - o r d e r m e t h o d 

w h i c h u s e s o n e e v a l u a t i o n o f f a n d t w o o f f p e r i t e r a t i o n 

a n d i s " w i t h o u t m e m o r y " i n t h e s e n s e o f T r a u b ( 1 9 6 4 ) . T h i s i s 

r a t h e r s u r p r i s i n g , f o r t h e o b v i o u s m e t h o d [ e v a l u a t i n g f ( x Q ) 

a n d f'Cxg), c o m p u t i n g t h e N e w t o n - R a p h s o n a p p r o x i m a t i o n 

X Q = x 0 - f ( x Q ) / f ' ( x Q ) , e v a l u a t i n g f'Cxg), a n d t a k i n g Xj 

a s t h e a p p r o p r i a t e z e r o o f t h e q u a d r a t i c Q ( x ) w h i c h s a t i s f i e s 

Q ( x Q ) = f ( x Q ) , Q ' ( x 0 ) = f ' ( x 0 ) , a n d Q ' U ^ ) = f ( x ^ ) ] h a s 

o r d e r t h r e e r a t h e r t h a n f o u r . J a r r a t t s h o w e d t h a t o r d e r f o u r 

i s a t t a i n a b l e i f w e e v a l u a t e f 1 ( ( X q + 2 X Q ) / 3 ) i n s t e a d o f f ' ( x Q ) . 

F o r m e t h o d s w i t h t w o f u n c t i o n e v a l u a t i o n s a n d o n e d e r i v a t i v e 

e v a l u a t i o n p e r i t e r a t i o n t h e r e s u l t s a r e l e s s s u r p r i s i n g : 

O s t r o w s k i ( 1 9 6 6 ) s h o w e d t h a t o r d e r f o u r i s a t t a i n a b l e b y 

e v a l u a t i n g f ( x Q ) , f ' ( x 0 ) , a n d f ( x j j ) ( s e e a l s o T r a u b ( 1 9 6 4 , 

S e c . 8 . 5 ) ) . 

I n t h i s p a p e r w e s h o w t h a t J a r r a t t ' s r e s u l t c a n b e g e n e r a l i z e d 

i n a n a t u r a l w a y : f o r a l l v > 0 , t h e r e a r e m u l t i p o i n t i t e r a t i v e 

m e t h o d s ( w i t h o u t m e m o r y ) w h i c h u s e o n e f u n c t i o n e v a l u a t i o n a n d 

v d e r i v a t i v e e v a l u a t i o n s p e r i t e r a t i o n , a n d h a v e o r d e r 2 v . 

J a r r a t t " s m e t h o d i s a n e x a m p l e w i t h v = 2 , b u t t h e m e t h o d s w i t h 

v > 2 a p p e a r t o b e n e w . 



J a r r a t t ' s r e s u l t c a n a l s o b e e x t e n d e d t o m e t h o d s u s i n g 

h i g h e r d e r i v a t i v e s . O u r m a i n r e s u l t ( T h e o r e m 4 . 1 ) i s t h a t , 

f o r a l l m > 0 , n^O a n d m + l ^ k > 0 , t h e r e a r e m e t h o d s o f o r d e r 

m + 2 n + l w h i c h u s e , f o r e a c h i t e r a t i o n , o n e e v a l u a t i o n o f f , f ' , 

. . . , f ^ ( a t t h e s a m e p o i n t ) f o l l o w e d b y n e v a l u a t i o n s 

o f f ^ ) ( a t d i s t i n c t p o i n t s ) . T h e s e m e t h o d s a r e d e s c r i b e d 

i n S e c t i o n 2 , a n d t h e o r d e r o f c o n v e r g e n c e i s e s t a b l i s h e d i n 

S e c t i o n 4 . T h e t h e o r e t i c a l e f f i c i e n c i e s o f t h e d i f f e r e n t m e t h o d s 

a r e c o m p a r e d i n S e c t i o n 5 . 

S p e c i a l c a s e s o f p r a c t i c a l i n t e r e s t ( k ^ 3 , n ^ 3 ) a r e g i v e n 

e x p l i c i t l y i n S e c t i o n 6 , a n d s o m e F o r t r a n s u b r o u t i n e s f o r m e t h o d s 

o f o r d e r f o u r , s i x a n d e i g h t ( w i t h k = m = 1 a n d n = 1 , 2 a n d 3 ) 

a r e g i v e n i n t h e A p p e n d i x . N u m e r i c a l r e s u l t s f o r t h e s e m e t h o d s 

a r e s u m m a r i z e d i n S e c t i o n 9 , a n d s o m e p o s s i b l e e x t e n s i o n s a r e 

m e n t i o n e d i n S e c t i o n 7 . 

S i n c e o u r m e t h o d s a r e u s e f u l f o r f u n c t i o n s w h o s e d e r i v a t i v e s 

c a n b e e v a l u a t e d e a s i l y , i t i s n o t s u r p r i s i n g t h a t t h e y a r e 

r e l a t e d t o c e r t a i n R u n g e - K u t t a m e t h o d s f o r s o l v i n g a r e s t r i c t e d 

c l a s s o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s . T h i s i s d i s c u s s e d 

i n S e c t i o n 8 , a n d n u m e r i c a l c o m p a r i s o n s w i t h w e l l - k n o w n R u n g e -

K u t t a m e t h o d s a r e i n c l u d e d i n S e c t i o n 9 . 

T h e t h e o r y o f m o s t o f o u r z e r o - f i n d i n g m e t h o d s d e p e n d s o n 

t h e t h e o r y o f o r t h o g o n a l a n d " a l m o s t o r t h o g o n a l " p o l y n o m i a l s . 

We a s s u m e s e v e r a l w e l l - k n o w n p r o p e r t i e s o f o r t h o g o n a l p o l y n o m i a l s , 

b u t s o m e n o n s t a n d a r d r e s u l t s w h i c h we n e e d l a t e r a r e p r o v e d 

i n S e c t i o n 3 . 



2 . THE METHODS 

L e t k , m a n d n b e i n t e g e r s s a t i s f y i n g m > 0 , n ^ O , m + l ^ k > 0 9 

a n d l e t f b e a s u f f i c i e n t l y s m o o t h f u n c t i o n o f o n e r e a l v a r i a b l 

w i t h a s i m p l e z e r o ( I t i s s u f f i c i e n t f o r f t o h a v e a 

c o n t i n u o u s ( m + 2 n + l ) - t h d e r i v a t i v e i n a n e i g h b o u r h o o d o f c.) 

We d e s c r i b e t w o c l a s s e s o f m e t h o d s f o r i m p r o v i n g a n i n i t i a l 

a p p r o x i m a t i o n X Q t o c, u s i n g e v a l u a t i o n s o f f ( x g ) , f ' ( x g ) , 

. . . , f ( m ) ( x Q ) a n d f ^ ^ y j ) , . . . , f ( k ) ( y n ) , w h e r e t h e p o i n t s 

y l ' *' # * y n W 1 ^ b e s P e c i # f i e ( ^ b e l o w . A f t e r g e n e r a t i n g a n 

i m p r o v e d a p p r o x i m a t i o n x ^ , Xg may b e r e p l a c e d b y x ^ a n d 

a n e w a p p r o x i m a t i o n g e n e r a t e d i n t h e s a m e w a y , e t c . S i n c e 

a l l t h e m e t h o d s c o n s i d e r e d a r e s t a t i o n a r y a n d w i t h o u t m e m o r y , 

i t i s s u f f i c i e n t t o d e s c r i b e h o w x ^ i s g e n e r a t e d f r o m Xg. 

M e t h o d s i n t h e f i r s t c l a s s , C ' ( k , m, n ) , h a v e o r d e r 

m i n ( m + 2 n + l , 2 m + n+l). T h e s e c o n d c l a s s , C ( k , m, n ) , i s a 

m o d i f i c a t i o n o f C ' ( k , m, n ) , a n d m e t h o d s i n C ( k , m, n ) h a v e 

o r d e r m + 2 n+l. A r b i t r a r y m e t h o d s i n C ( k , m, n ) a n d C ' ( k , m, n 

a r e d e n o t e d M ( k , m, n ) a n d M ' ( k , m, n ) r e s p e c t i v e l y . 

We m a k e f r e q u e n t u s e o f t h e " 0 " n o t a t i o n . U n l e s s o t h e r ­

w i s e s p e c i f i e d , a n e q u a t i o n s u c h a s x = y + 0 ( 6 ) m e a n s t h a t 

t h e r e i s a c o n s t a n t K ( p o s s i b l y d e p e n d i n g o n k , m, n , f , 

e t c . , b u t i n d e p e n d e n t o f 6 ) s u c h t h a t | x - y | ^ K 6 f o r a l l 

s u f f i c i e n t l y s m a l l p o s i t i v e 6 . 



For our purposes it is sufficient to say that a method 

has order of convergence p>l if x^ - 5 = 0(|Xg - 5| p) for 

starting values x Q sufficiently close to the simple zero 5. 

(More general definitions are given in Brent (1973b) and Ortega 

and Rheinboldt (1970).) The order p is an integer for all 

methods considered below. 

For p+l>q>0, the Jacobi polynomial G"n(P» q, x) is the 

monic polynomial of degree n which is orthogonal to all 

polynomials of degree less than n with respect to the weight 

function (l-x) p~ qx q~ 1 on the interval [0, 1]. (Our notation 

follows that of Abramowitz and Stegun (1964).) Thus 

Gg(p, q, x) = 1, Gj(p, q, x) = x - q/(p+l), Gg(p, q, x) = x 2 -

2(q + l)x/(p + 3) + q(q + l)/((p+?)(p + 3))., etc. Let a 1 § ... , a n denote 

the zeros of G n(m+1, m+2-k, x) in a fixed but arbitrary order. 

The class C ( k , m, n) 

We say that a method belongs to C'(k, m, n) if an iteration 

generates a new approximation Xj to ? from an old approximation 

Xg in the following way: 

1. Evaluate f*1* = f ( l ) ( x
0 ) f o r 1 = °» l s 9 m ' 

2. If f^0^ = 0 set Xj = Xg and stop, otherwise set 

3. Let be an approximate zero of the polynomial 

Pj(x) = } (x - X Q ) 1 ^ 1 ^ / ! - : , 



satisfying the conditions 

Zj = x Q + 0(5) (2.1) 

and 

Pl(Zl) = OU^1) . (2.2) 

(We do not specify how z^ is computed so long as (2.1) 

and (2.2) hold. One method is to perform pog 2(m+l)] - 1 

iterations of Newton's method, starting from the approximate 

zero x„ - f(°>/f»>.) 

4. Evaluate f|k^ = f ^ C y ^ , where y i = x Q + a ^ Z j - x Q ) , 

for i = 1, ... , n. 

5. Let P n + i D e t n e polynomial of degree at most m+n, 

satisfying pjjjj (x Q) = f j 1 ^ for i = 0 m and 

pn+l* y1* = f i k ) f o r 1 = l t " ' ' n* L e t X l b e a " 
approximate zero of P n +j» satisfying 

X l = x Q + 0(6) (2.3) 

and 

P n + 1 ( X l ) = 0 ( 6 P ) , (2.4) 

where p = min(m+2n+l, 2m+n+l). (Again, we do not specify 



how i s c o m p u t e d , b u t n ° 9 2 ^ P / ( m + ^ H i t e r a t i o n s 

o f N e w t o n l s m e t h o d w i t h t h e s t a r t i n g a p p r o x i m a t i o n 

w o u l d s u f f i c e . ) 

C o m m e n t s o n C ' ( k , m, n ) 

P j ( x ) i s t h e H e r m i t e i n t e r p o l a t i n g p o l y n o m i a l a g r e e i n g 

w i t h f ( x Q ) , . . . , f ^ ( x Q ) . C o n d i t i o n s ( 2 . 1 ) a n d ( 2 . 3 ) e n s u r e 

t h a t Zj a n d x ^ a r e a p p r o x i m a t i o n s t o t h e c o r r e c t z e r o s o f 

P j a n d P n + i r e s p e c t i v e l y . I f X Q i s s u f f i c i e n t l y c l o s e 

t o 5 t h e n N e w t o n ' s m e t h o d g i v e s t h e a p p r o x i m a t i o n 

x 0 = x 0 " f 0 0 ) / f 0 1 } s a t i s f y i n 9 x o = C + 0 ( ( x Q - c ) 2 ) , b u t 

l xo - xol = 6 ' s o 

6 / 2 * | x Q - e| £ 2 6 ( 2 . 5 ) 

f o r 6 s u f f i c i e n t l y s m a l l . T h u s , a n y t e r m s C K 6 1 ) a r e 

e q u i v a l e n t t o t e r m s 0 ( | X Q - e l 1 ) - We u s e e x p r e s s i o n s i n v o l v i n g 

6 r a t h e r t h a n 5 i n t h e d e f i n i t i o n o f C ' ( k , m, n ) s i n c e 

C i s , o f c o u r s e , u n k n o w n . 

S i n c e c i s a s i m p l e z e r o o f f , ( 2 . 2 ) i s e q u i v a l e n t 

t o Zj = £j + 0 ( 6 ) , w h e r e ?j i s t h e z e r o o f c l o s e s t 

t o £ . By t h e t h e o r y o f H e r m i t e i n t e r p o l a t i o n ( T r a u b ( 1 9 6 4 ) ) , 

C , = ? + 0 ( 6 m + 1 ) , s o ( 2 . 2 ) i s e q u i v a l e n t t o 

( 2 . 6 ) 
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Theorem 2.1 

If X Q is sufficiently close to the simple zero e, then 

steps 1 to 5 of M'(k, m, n) are well-defined and 

Sketch of proof 

We shall not give the proof of Theorem 2.1 in detail since 

it is similar to (but easier than) the proof of Theorem 4.1 

below. We shall, however, indicate how the order p given by 

(2.8) arises. 

From the definition of p n + 1 (step 5 above) and the Taylor 

series expansion of f about x 0 , it is easy to show that 

x 2 = r, + 0(|x Q - c | p ) , (2.7) 

where 

p = min (m+2n+l, 2m+n+l). (2.8) 

(x) = f(x) + 0(6 m+n + 1 (2.9) 

and 

(x) = f (x) + 0(6"'™) (2.10) 

for all x in the region of interest (say |x - x Q | < 46 in 

view of (2.5)). Using properties of the Jacobi polynomial 



Gn(m+1, m+2-k, x), as in Lemma 4.3 below, there is a kind of 
"superconvergence" phenomenon (de Boor and Swartz (1973), 
Osborne (1974)) at : 

P n + 1 ( Z l ) = f(z x ) + 0(6m + 2 n + 1) (2.11) 

(in contrast to (2.9)). 
Let X j be the exact zero of P n + j near x .̂ Using 

(2.6), (2.9) and (2.10), we have 

|x« - z j l <? | x j - c| + | z j - c| = 0(6m + 1). (2.12) 

Now 

l f < x i > l = l P n + i ( x i ) " f < x i > l 

* l P n + i ( z i > " f{zi]\ + l P n + i ( ? ) " f , ( ? ) ' • l x i - z i ' ( 2 - 1 3 ) 

for some £ between xj and z^. Using (2.10), (2.11) and 
(2.12), this gives 

f ( x j ) = 0(6m + 2 n + 1) + 0(62 m + n + 1) = (6P) 

and thus (as f'(x) is bounded away from zero near e) 

:J = ? + 0(6P) 

Since (2.3) and (2.4) ensure that x , = x\ + 0(6P), the result 



10. 

(2.7) follows. 
The class C(k, m, n) 

Methods in the class C'(k, m, n) are unsatisfactory if 
m<n since their order is 2m+n+l, less than the order m+2n+l 
which might be expected from (2.11). The higher order is 
attainable if Zj is updated and the zeros otj, ... , a n are 
perturbed suitably after each evaluation of f ^ ) ( y . ) f so the 
second term in (2.13) is reduced to 0(6m + 2 n + 1) or less, without 
substantially increasing the first term. We say that a method 
belongs to C(k, m, n) if an iteration generates a new approximation 
Xj to s from an old approximation xQ in the following way: 

1. Evaluate f ^ = f ^ ( x Q ) for i = 0, 1, . . . , m. 

2. If fg0^ = 0 set Xj = X Q and stop, otherwise set 

3. For i = 1, 2, . . . , n do steps 4 to 7. 

4. Let p. be the polynomial of degree at most m+i-1, 
satisfying p{^(xQ) = f ^ for j = 0, 1 m and 
P-k)(y,-) = f l k * for j = 1, . . . , 1-1. Let z. be an 

I J J 

approximate zero of p.. , satisfying the conditions 

z. = xQ + 0(6) (2.14) 
and 

PiU.j) = 0(6m + i). (2.15) 



11. 

(For example, z. could be computed by Newton's method, 

using f l - 1 iterations from the approximation 

approximation z 

5. Compute 

i-1 if i>l.) 

= a i - i , j ( z i - r x
0 ) / ( z i - x 0 ) 

f o r J - 1 i-1. 

(2.16) 

6. Let 

satisfying 
q 1 be the monic polynomial of degree n+1-1, 

In P ( x ) q i ( x ) x
m + 1 - k ( i . x ) k - l i-1 

n (x-a. .) 
j=l l j J dx = 0 (2.17) 

for all polynomials P of degree n-i. 

approximate zero of q., satisfying 
Let ô . ̂  be an 

ai,i = a i + 0(6) (2.18) 

and 

W i ) = 0( 6 m + 1 * - 1 ) (2.19) 

7. Evaluate f<k> = f C M ^ , . w n e r e 

?i = x n + a- . (z. -x ) (2.20) 



1 2 . 

8 . L e t p n + 1 b e t h e p o l y n o m i a l o f d e g r e e a t m o s t m + n , 

s a t i s f y i n g P n J}( xo) = f 0 ^ f o r 1 = 0 » * * * ' m a n d 

p ^ | ( y . ) = f ( k ^ f o r i = 1 , . . . , n . L e t b e a n a p p r o x i m a t e 

z e r o o f P n + 1 » s a t i s f y i n g ( 2 . 3 ) a n d 

P n + 1 ( x x ) = 0 ( 6 m + 2 n + 1 ) . ( 2 . 2 1 ) 

( F o r e x a m p l e , Xj c o u l d b e c o m p u t e d b y o n e i t e r a t i o n o f N e w t o n ! s 

m e t h o d f r o m t h e a p p r o x i m a t i o n z n , i f n > 0 . ) 

C o m m e n t s o n C ( k , m, n ) 

I t i s e a s y t o s e e t h a t t h e c l a s s C ( k , m , n ) i s t h e s a m e 

a s C ( k , m , n ) i f a n d o n l y i f n = 0 o r 1 . 

T h e e x i s t e n c e a n d u n i q u e n e s s o f q . ( f o r x Q s u f f i c i e n t l y 

c l o s e t o e) i s s h o w n c o n s t r u c t i v e l y b e l o w . I n t h e c a s e s o f 

p r a c t i c a l i n t e r e s t e x p l i c i t f o r m u l a e c a n b e g i v e n f o r . * 

s o t h a t t h e r e i s n o n e e d t o c o n s t r u c t q . ( s e e ( 6 . 5 ) , ( 6 . 9 ) , 

a n d ( 6 . 1 0 ) f o r s o m e e x a m p l e s ) . 

F r o m ( 2 . 1 6 ) a n d ( 2 . 2 0 ) , 

* 1 = x 0 + a J , i ( Z , 
x „ ) < 2 - 2 2 ) 

f o r j = i , 1 + 1 n , s o t h e e f f e c t o f r e p l a c i n g t h e 

a p p r o x i m a t i o n z . t o ? b y t h e a p p r o x i m a t i o n z . i s t h e 

s a m e a s i f we h a d u s e d a s l i g h t l y p e r t u r b e d n o d e a j j i n 

p i a c e o f a. .. 
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B e f o r e p r o v i n g t h a t a m e t h o d i n C ( k , m, n ) h a s o r d e r 

m + 2 n + l ( T h e o r e m 4 . 1 ) , we n e e d s o m e r e s u l t s o n o r t h o g o n a l 

p o l y n o m i a l s . T h e n e x t t w o s e c t i o n s m a y b e o m i t t e d w i t h o u t 

l o s s o f c o n t i n u i t y . 
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3 . SOME RESULTS ON ORTHOGONAL POLYNOMIALS 

T h e o r e m 3 . 1 i s a g e n e r a l i z a t i o n o f t h e w e l l - k n o w n r e s u l t s 

t h a t z e r o s o f p o l y n o m i a l s o r t h o g o n a l w i t h r e s p e c t t o a p o s i t i v e 

w e i g h t f u n c t i o n i n t e r l a c e , a n d t h a t t h e m a t r i x A g i v e n b y 

( 3 . 1 ) i s n o n s i n g u l a r ( b y u n i s o l v e n c y , t h i s i s t r u e f o r a n y 

d i s t i n c t o t j , . . . , a n , n o t n e c e s s a r i l y z e r o s o f P N ) . 

T h e o r e m 3 . 1 

L e t P Q , . . . , P n b e p o l y n o m i a l s o f d e g r e e 0 , . . . , n , 

o r t h o g o n a l w i t h r e s p e c t t o t h e w e i g h t f u n c t i o n w ( x ) o n [ a , b ] . 

I f w ( x ) i s p o s i t i v e a . e . o n [ a , b ] , a n d c x j , . . . , a n a r e 

t h e z e r o s o f P N i n a n y o r d e r , t h e n a l l l e a d i n g p r i n c i p a l m i n o r s o f 

A = ( 3 . 1 ) 

a r e n o n s i n g u l a r . 

P r o o f 

S i n c e w i s p o s i t i v e , t h e r e i s a t h r e e - t e r m r e c u r r e n c e 

r e l a t i o n o f t h e f o r m 

P . ( x ) - ( A . x + B.)P. + 1 M + C J P J ^ C X ) ( 3 . 2 ) 

f o r j = 0 , 1 , . . . , a n d A . f 0 ( s e e I s a a c s o n a n d K e l l e r 

( 1 9 6 6 , C h . 5 ) o r S z e g b ( 1 9 5 9 , T h m . 3 . 2 . 1 ) ) . L e t x b e a z e r o 

o f P . A p p l y i n g ( 3 . 2 ) w i t h j = n - 2 g i v e s 



1 5 . 

P N . 2 ( X ) = ( A N . 2 X + B N _ 2 ) P N _ 1 ( X ) . ( 3 . 3 ) 

A P P L Y I N G ( 3 . 2 ) W I T H J = N - 3 A N D U S I N G ( 3 . 3 ) N O W G I V E S 

P N - 3 < X > " ^ A N - 3 X + B N - 3 ^ A N - 2 X + B N - 2 > + C N - 3 ] V L < X > ' 

P R O C E E D I N G I N T H I S W A Y , W E F I N D T H A T 

P N - K - L < > < > - 4 > N . K ( X ) P N - L ( X > < 3 ' 4 > 

F O R K = 0 , 1 , . . . , N - 1 , W H E R E <F>N ^ ( X ) I S A P O L Y N O M I A L O F 

D E G R E E K I N X . I N F A C T , I T I S E A S I L Y S H O W N T H A T <J>N Q ( X ) = 1 , 

^ N > 1 ( X ) = A N - 2 X + B N _ 2 , A N D ( F O R K > L ) 

* N , K ( ^ = ( A N - K - L X + B N - K - L > V K - L C X ) + C N - K - L « > N , K - 2 ( X ) • 

S O <J>N K ( X ) H A S L E A D I N G T E R M A
N - 2 # * ' A N - K - L X K * 

S U P P O S E 0 < S * N , A N D L E T A $ B E T H E L E A D I N G P R I N C I P A L 

M I N O R O F O R D E R S O F A . U S I N G ( 3 . 4 ) W I T H X = o^, . . . , a $, 

W E H A V E 

( ( ) N , 0 ( A S ) 

• • • ( ) ) N , S - L ( A S ) 

B Y P E R F O R M I N G R O W O P E R A T I O N S A N D U S I N G T H E O B S E R V A T I O N A B O V E 

O N T H E L E A D I N G T E R M O F 4in T , T H I S G I V E S 

D E T ( A $ ) J / N - L ^ L * D E T 

V S - L ^ L ) 
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det(A s) = 
1 i 1

P n - l ( a i ) 
n A 
i=2 

s + l-i 
n-i det(V s), (3.5) 

where 

1 1 
a l 
• 

y 
:s-l 
Ot . . . s 

matrix. Since the ai 
the result follows from 

(3.6) 

are distinct and not 

The idea of the following theorem i s rijos t easily seen by 

considering the special case p. = a. (i = 1, ... , n) first. 

Then d Q = ... = d n_j = 0, (3.11) says that y^9 ... , y $ are 

slight perturbations of and the theorem states 

that there exist slight perturbations Y Q + 1 » » y of 
n s 1 n 

a
c + i> ... , a such that n (x - y.) is exactly orthogonal 
s 1 n j=l J 

to polynomials of degree less than n-s, and approximately 

orthogonal to polynomials of degree n-s, ... , n.-l. We state 

the more complicated result (with pj, ... , $ n slight 

perturbations of ) because in Section 4 we shall 

apply Theorem 3.2 several times, and the y^, ... , y n of one 

application will be (close to) the pj, ... , 3n of the next 

application. The only related results which we know are those 

of Micchelli and Rivlin (1973). 

Theorem 3.2 

Let P Q , . . . , P N be orthonormal polynomials (of degree 
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0, . . . , n) with respect to the positive weight function w 
on [a, b], and let a, a be the zeros of P in 

i n n 
any order. Suppose 0<s<n, 6 sufficiently small, and 
3j, . . . , 6n satisfy 

3̂  - a. < & (3.7) 

f o r 1 _ 1 n. Suppose that there is a positive constant 
Cj and numbers 6j, . . . , 6g such that 

<S*6,* . . . * 6 * 0 , l s (3.8) 

6$ for 0<i<n-s, 
5

n_i f o r n-s£i<n, (3.9) 

and 

where 

d1 " ' l P,(x) n (x 6j> w(x)dx, (3. 10) 

Finally, suppose Yj, ... , Y S sati sfy 

(3.11) 
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for i = 1 s. Then there is a positive constant c 2 

and unique Y s +i> .. , v n such that 

Yi = 0i + 0(6 S) (3.12) 

for i = s + 1 n and 

0 for 0*n<n-s, 

1 for i = n, 

where 

e. = c 2 P^x) w(x)dx, 

Proof 

Let 

(3.13) 

(3.14) 

y\ - {}] if i>s}' ^ • " *i>-

n-1 

and q 2(x) = qj(x) + J y ^ U ) , where the constants ]x{ = 0(6 S) 

will be determined below. From (3.11), 
n 

q n(x) = c, n (x - 8.) + 0(6.) for all x in [a, b] , l i i = 1 i 

so from (3.8) to (3.10) we have 
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where 

f i -
fo(«.) for (ki<n-s,) 

for n-s*i<n, 
[1 + 0 ( 6 . ) for i = n, 

(3.15) 

f i " (x)q1(x)w(x)dx. (3.16) 

Let 

p-i (x)q2(x)w(x)dx. (3.17) 

Since the Pi are orthonormal, (3.16) and (3.17) gi­ ve 
gi = f i + ^ (3.18) 

for i = 0, . . . , n-1. Set u i = - f i for i = 0 n-s-1, 
From Wilkinson ( 1963, Sec. 2.7), the zeros y!| of q2 

are analytic functions of y n s ^n-1' 9 l v e n by 

Y i " ~>i + " J S ' W * ! ^ } ) " j V ^ / j l Y p / q i t Y p • 0(«|) (3.19) 

(i - 1, . . . , n), provided y . = 0(6 ) for j = n-s, . . . , n-1. 
By (3.7), (3.8), (3.11) and Theorem 3.1, the matrix 

A = 

Pn-s^i> Pn-s(Ys> 

| v i < * i > • • • " „ . ; < Y ; ) 
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is nonsingular for 6 sufficiently small, so there exist 

" N - S ' ' Y N - L ( a l 1 0 ( 6 s ) } S U c h
 T H A T Y I = Y I F ° R 

9 
s. Hence (by definition of Y-)» Yn- = Yi f o r i = 1, . 

i = 1, ... , s. Take Y.J = Y^' "for i = s + l,...,n also, so 

n 
q ?(x) = c, n (x - Y - ; ) • (3.20) 

By (3.19) and the construction of y . and Y,- » (3.12) holds. 
From (3.18) and the choice of y Q , . . . , y N _ S _ I » 9̂- = 0 for 
i<n-s. From (3.8), (3.15) and (3.18), g i = °( 6

n-i) f o r 

n-s^i<n, and g n = 1 + 0 ( 6 S ) . Taking c 2 = C J / G N and collecting 
these results, existence follows. Uniqueness (subject to (3.12)) 
follows from (3.19) and the nonsingularity of A. 

The following corollary gives an extension to "almost 
orthogonal" polynomials of a classical result for orthogonal 
polynomials (the case 6 = 0, = a . . ) . The proof follows that 
of the classical result up to equation (3.23), and then uses 
Theorem 3.2. 

Corollary 3.1 

Under the conditions of Theorem 3.2, there exist weights 

w l ' *"* ' wn s u c n t n a t 

-b 
N A 

I wi^i = 

1 = 1 

xJ'w(x)dx + Ty (3.21) 

where 
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JO for j = 0, 1 2n-(s + l ) , 
0 ( 6 2 n _ J . ) for j = 2n-s, . . . , 2n-l, 

Proof 

We may assume 6 sufficiently small that Yj 
are distinct (in view of (3.7), (3.11) and (3.12)). For any 
function f we have the Lagrange interpolation formula 

f(x) = I L.(x)f(y.) + i = l 1 1 n (x - Y i ) i = l 1 f[y1 Y n . x ] , (3.22) 

where 

L^x) n 
n 
j-i J*1 

x - Y. 
Y 

(See, for example, Isaacson and Keller (1966, Sec. 6.1).) 
Let 

w. = Li(x)w(x)dx, 

and integrate both sides of (3.22), with f(x) = x J . Thus 
(3.21) holds if 

n (x - Y,-) 1 = 1 1 ftYj....»Yn»x]w(x)dx, (3.23) 

Since f[Yj»•••»Yn»x] vanishes for j<n, and is a polynomial 
of degree j-n for j^n, the result follows by expanding this 

J-n 
polynomial as a sum I v . P . ( x ) (where v . = 0(1)) and applying 

i=0 1 

Theorem 3.2. 
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4 . O R D E R O F C O N V E R G E N C E 

B E F O R E P R O V I N G T H E M A I N R E S U L T ( T H E O R E M 4 . 1 ) W E N E E D S O M E 
L E M M A S . T H E N O T A T I O N O F S E C T I O N 2 I S A S S U M E D . 

L E M M A 4 . 1 

I F X Q I S S U F F I C I E N T L Y C L O S E T O T H E S I M P L E Z E R O C , T H E N 
M ( K , M , N ) I S D E F I N E D , A N D I F X N f r , T H E N ( 4 . 1 ) T O ( 4 . 5 ) H O L D 

F O R I = 1 , , N ; Q . E X I S T S , I S U N I Q U E , A N D H A S A Z E R O 

6 / 2 * | X Q - ? | < 2 6 ; ( 4 . 1 ) 

Z I = C + 0 ( 6 M T 1 ) ( 4 . 2 ) 

A ' . . = A . + 0 ( 6 ) 
I 9 I 1 

( 4 . 3 ) 

F O R I = 1 , 

, + 0 ( 6 M + I - 2 ( 4 . 4 ) A • 

1 » J 
= A • I - L . J 

F O R 0 < J < I ^ N ; A N D 

x . = C + 0 ( 6 M + N + 1 ( 4 . 5 ) 

P R O O F 

T H E E X C E P T I O N A L C A S E X Q = t , I S C O V E R E D B Y S T E P 2 O F 
M ( K , M , N ) , S O W E M A Y A S S U M E X 0 t T H E I N E Q U A L I T Y ( 4 . 1 ) 
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follows in the same way as (2.5). 

(4.2) to (4.4) clearly hold for i = 1. We shall assume 

that they hold for i<t (where l<t*n) and prove that they 

hold for i = t. 

P t is a well-defined polynomial of degree at most m+t-1, 

and the theory of polynomial interpolation (Traub (1964)) shows 

that there is a zero c t = c + 0 ( 6 m + t ) of p t . Conditions 

(2.14) and (2.15) ensure that z t = c t + 0 ( 6 m + t ) , so (4.2) 
with i = t follows. 

From (2.16), 

a = a t-l,j 1 + 
- z 

x oj 

for 0<j<t. Since 

- C| + | z t - C| = 0 ( 6 
m+t-1 

and (using (4.1)) 

l2t " X
0 I * lx0 " ?l " l z

t " ?l 

^ 6/2 - 0 ( 6 ) * 6/4 

for 6 sufficiently small, (4.4) with i = t follows. 
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From (4.4) with i = t, t-1, ... , j+1 we have 

a. . = a. . + 0 ( 6 m + J " 1 ) , but (by the inductive hypothesis) 
t > J J 9 J 

a. . = a. + 0(6), so a. . = a. + 0(6) for j = 1, ... , t-1. 

Thus, Theorem 3.2 shows that q t exists, is unique, and has a zero 

aj. t = a t + 0(6) which a t t approximates. This completes the 

proof of (4.2) to (4.4), by induction on i. Finally, (4.5) 

follows in the same way as (4.2). 

Lemma 4.2 

If X Q is sufficiently close to c but X Q f c, there 

exist weights Wj, ... , w p (all 0(1)) such that 

? w J - (j+m+l-k)l(k-l)l , n/,2n-j\ ( A 

ill T n,i - (j+mil). + 0 ( 6 } { 4 - 6 ) 

for j = 0, 1, ... , 2n-l. 

Proof 

The first time step 6 of M(k, m, n) is performed we 

have i = 1, q^(x) = G n(m+1, m+2-k, x) and, from (2.18) and 

(2.19), a i j = a i + OC 5" 1)- for% subsequent executions of step 

6 we have i>l and, from (2.22) and Lemma 4.1, it is easy to 

show (by induction on i) that Theorem 3.2 is applicable 

(with s = i-1, 6. = 0 ( 6 m + j " 1 ) for j = 1, ... , i-1, 
j 

w(x) = ( l - x ) k " 1 x m + 1 " k , etc.). After the n-th execution of 

step 6, Corollary 3.1 (with s = n-1) shows that there exist 

weights wn. such that 
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J + m + l - k ( 1 _ x ) k - l d x 

0 
(4.7) 

fO if O^jsn, 

0 ( 6 m + 2 n - j - l ) . f n < j < 2 n 

Since m+2n-j-1^2n-j and the integral on the left side of 

(4.7) is equal to (j+m+l-k)!(k-1)1/(j+m+1)!, the result follows 

(In fact (4.7) is stronger than (4.6), but (4.6) is sufficient 

for later applications.) 

Lemma 4.3 

Suppose K constant, P(x) a polynomial of degree at 

most m+2n with coefficients bounded by K and satisfying 

P(0) = ... = P ( m ) ( 0 ) = 0 and P ^ U j e ) = ... = P ( k ) ( 8 n e ) = 0 

where 

I w.B^ = (j+m+l-k):(k-l):/(j+m+l)! + 0 ( e 2 n ' j ) (4.8) 
1 = 1 1 1 

for j = 0, 1 2n-l. Then P(e) = 0 ( e m + 2 n + 1 ) . 

Proof 

2n-l 
Let P(x) = I a . x j + m + 1 , so P ( k ) ( 3 , e ) = 0 gives 

j = 0 J 1 

j S 0 J (j+m+l-k)! {Bie> ~ °- (4-9> 

Multiplying each side of (4.9) by w. 6 k _ m " 1e k/(k-1) ' . and 
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s u m m i n g o v e r i = 1 n g i v e s 

2 n - l I 
j = 0 

j + m + 1 n y j ( j t H ) !  
a j e

 1 i 1 ( j + m + l - k ) ! ( k - l ) l = 0 , 

T h u s , t h e r e s u l t f o l l o w s f r o m ( 4 . 8 ) 

Lemma 4 . 4 

I f n > 0 , X Q i s s u f f i c i e n t l y c l o s e t o t h e s i m p l e z e r o c 

o f f , a n d M ( k , m , n ) i s a p p l i e d , t h e n ( a s s u m i n g x Q f s) 

f ( z n > = P n + l ( z n ) + 0 ( « m + 2 n + 1 ) ( 4 . 1 0 ) 

a n d 

s u p | f ( 5 ) - p : + 1 ( 5 ) | - 0 ( 6 m + n ) . ( 4 . 1 1 ) 
?tf [ x 0 - 4 6 , x 0 + 4 6 ] n + A 

P r o o f 

L e t f ( x ) = f j ( x ) + f 2 ( x ) , w h e r e 

m + 2 n . / . x 
f , ( x ) = I ( x - x n ) J f u ; ( x n ) / j ! . . ( 4 . 1 2 ) 

1 j = 0 u u 

F o r i = 1 , 2 , l e t r . ( x ) b e t h e p o l y n o m i a l o f d e g r e e a t m o s t 

m+n s a t i s f y i n g r | J ^ ( x Q ) = f { ^ ( x Q ) f o r j = 0 , . . . , m a n d 

r { k ^ ( y . ) = f { k ^ ( y - ) f o r j = 1 , . . . , n , w h e r e y . i s d e f i n e d 

b y ( 2 . 2 0 ) . T h u s , f r o m t h e d e f i n i t i o n o f P n + j ( s t e p 8 o f 

M ( k , m , n ) ) 
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P n + 1(x) = rjCx) + r 2(x). (4.13) 

Since P(x) = fj(xQ+x) - T ^ ( X Q + X ) is a polynomial of 
degree at most m+2n in x, and the conditions of Lemma 4.3 
are satisfied with e = z p - x Q = 0 ( 6 ) , = a n ^ (i = 1, ... , n) 

and w. given by Lemma 4.2, we have P(e) = 0 ( e m + 2 n + 1 ) , so 

f l ( z n } = r l ( z n } + 0 ( * m + 2 n + 1 ) - (4.14) 

m+n 
We may write r 9(x) = I a.(x-xn) , and from (4.12) and 

d j=0 J u 

the definitions of f 0 and r 0 we have a n = ... = a_ = 0. 
L L o m 

The coefficients a
m + j > » am+n a r e determined by t l i e linear 

equati ons 

mT aJ-^ja.j:/(j.k)l = e kf^ k )Cy,) (4.15) j=m+l 5 ^ d 1 

for i = 1, ... , n. From (4.12) and the definition of f ̂, 

the right hand side of (4.15) is 0 ( 6 m + 2 n + 1 ) , and a n v . . . , a p 

are distinct, so e Ja. = 0 ( 6 m + 2 n + 1 ) for j = m+1, ... , m+n. 

Thus r 2(z n) = 0 ( 6 m + 2 n + 1 ) , and from (4.14) we have 

lf<zn> - Pn + l^n)l < lfl<zn> - + l^ zn> l + I V zn> l 
= 0 ( 5 m + 2 n + 1 ) , 

so (4.10) is established. The proof of (4.11) is straightforward 
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and does not use the special properties of a ' , .. . , a 
r n , 1 n ,n 

(except for their being distinct), so is omitted. 

Using Lemmas 4.1 and 4.4 it is easy to prove our main 

result: 

Theorem 4.1 

If X Q is sufficiently close to the simple zero c then 

M(k, m, n) is defined and Xj = c + 0(|x Q - ? | m + 2 n + 1 ) . 

Proof 

Suppose n>0, for otherwise the result follows from Lemma 

4.1. From equations (4.2) and (4.5) of Lemma 4.1 we have 

x x = z n + 0 ( 6 m + n ) . (4.16) 

Now 

|f(x,)| * I 
p n + l ( x l } I + l f^ xi) " p n + l ( x l ^ 

* | P n + 1 ( X l ) | + |f(z n) - p n + 1 ( z n ) | 
+ if (s) - P ; + 1 ( O I • |x x - z j 

for some £ between Xj and z p. From (2.21), Lemma 4.4 

and (4.16), this gives f(xj) = 0 ( 6 m + 2 n + 1 ) . Since c is a 

simple zero of f, we may suppose that f'(x) is bounded away 

from zero in the region of interest, so Xj = c + 0 ( 6 m + 2 n + 1 ) . 

The result now follows from (4.1). 
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5. THEORETICAL COMPARISON OF VARIOUS METHODS 

If an iterative method of order p>l requires w units 

of work per iteration, its efficiency is 

E = ^ . (5.1) 

The motivation for this definition (and a more general definition) 

is given in Brent (1973b). In this section we compare the 

efficiencies of methods in the classes C(l, 1, n) for n = 0, 1, 

The extension to methods in C(k, m, n) is straightforward. 

Theorem 4.1 shows that a method M n in C(l, 1, n) has 

order at least 2(n+l), and we shall assume that the order is 

exactly 2(n+l) (this is usually true: see Section 6 ) . If 

the work for one evaluation of f(x) is w(f) and the overhead 

for one iteration is WQ(n), then the total work per iteration is 

w = w(f) + (n + l)w(f 1) + w Q ( n ) , 

so (from (5.1)) the efficiency is 

E n = log[2(n + l)]/[w(f) + (n + l ) w ( f ) + w Q ( n ) ] . (5.2) 

We expect Wg(n) to be an increasing function of n, and it 

can be estimated for any particular implementation of M n . 

For the sake of simplicity, we shall assume w n ( n ) = 0 below. 
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T h i s i s a r e a s o n a b l e a p p r o x i m a t i o n i f n i s s m a l l a n d f i s 

d i f f i c u l t t o e v a l u a t e ( s e e a l s o K u n g a n d T r a u b ( 1 9 7 3 b , c ) ) . 

W i t h o u r s i m p l i f y i n g a s s u m p t i o n , ( 5 . 2 ) g i v e s 

E N / E Q = (l+r)(l + l o g 2 ( n + l ) ) / ( n + l + r ) , ( 5 . 3 ) 

w h e r e r = w ( f ) / w ( f ) a n d E Q i s t h e e f f i c i e n c y o f N e w t o n ' s 

m e t h o d . S o m e v a l u e s o f E N / E Q a r e g i v e n i n T a b l e 5 . 1 . 

T a b l e 5 . 1 : E N / E Q f o r v a r i o u s n a n d r = w ( f ) / w ( f 1 ) 

\ i 2 3 4 5 

0 . 0 1 . 0 0 0 0 . 8 6 2 0 . 7 5 0 0 . 6 6 4 0 . 5 9 7 

0 . 5 1 . 2 0 0 1 . 1 0 8 1 . 0 0 0 0 . 9 0 6 0 . 8 2 7 

1 . 0 1 . 3 3 3 1 . 2 9 2 1 . 2 0 0 1 . 1 0 7 1 . 0 2 4 

2 . 0 1 . 5 0 0 1 . 5 5 1 1 . 5 0 0 1 . 4 2 4 1 . 3 4 4 

5 . 0 1 . 7 1 4 1 . 9 3 9 2 . 0 0 0 1 . 9 9 3 1 . 9 5 5 

1 0 . 0 1 . 8 3 3 2 . 1 8 7 2 . 3 5 7 2 . 4 3 6 2 . 4 6 5 

0 0 2 . 0 0 0 2 . 5 8 5 3 . 0 0 0 3 . 3 2 2 3 . 5 8 5 

F r o m ( 5 . 3 ) i t f o l 1 o w s t h a t M n 
i s t h e o p t i m a l m e t h o d 

( f r o m v M j , — ) i f 

<J>(n) < r < 4>(n + l ) , 

w h e r e 
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, / n \ _ 1og(2n) 
• ( n ) " 1og(l +l/n) " 

Thus the optimal values of n are 

1 if 0<r<1.419, 

2 if 1.419<r<3.228, 

3 if 3.228<r<5.319, 

4 if 5.319<r<7.629, 

5 if 7.629<r<10.120, etc. 

In particular, Jarratt's method (n=l) is always more efficient 

than Newton's method (n=0), but it is less efficient than one 

of our sixth-order methods (n=2) if w(f)>1.419w(f 1), etc. 

An obvious conjecture is that methods in C(k, m, n) have 

the optimal order for multipoint methods without memory using 

the same number of function and derivative evaluations per iteration 

Care has to be taken in phrasing the conjecture to avoid Winograd's 

encoding trick: one way to eliminate encoding is to suitably 

restrict the class of allowable iteration functions (see Kung and 

Traub (1973c)). Kung and Traub (1973a) show that there are 

multipoint methods without memory which use v+1 function 

evaluations per iteration and have order 2 V , and this order 

is conjectured to be optimal. Brent, Winograd and Wolfe (1973) 

have shown that the optimal order is at most 2 V + 1 , even if 

memory is permitted. In contrast to these results, our conjecture 

is that methods without memory which use one function evaluation 

and v derivative evaluations per iteration have order at 
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most 2v. Kung and Traub (1973c) have shown that the conjectures 
are true if v = 1. 

Our methods are only of practical interest for small v 
(say v = n+l<4), and some such methods are described in 
detail in the next section. Related methods with memory are 
given by King (1971, 1972). 
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6. SOME METHODS OF PRACTICAL INTEREST 

In this section we use the notation of Section 2 as far 

as possible, and temporary variables used in the description 

below are denoted A., t.. , v.. , a, b, c, etc. Specific methods 

in C(k, m, n) (or in C'(k, m, n) if m^n) are referred to 

as "method kmna", "method kmnb", etc. If a method has order 

p, the asymptotic error constant (if it exists) is 

(It is usual to put absolute value signs in (6.1), but we omit 

them since p is an integer for all the methods considered below. 

Asymptotic error constants may be obtained, in terms of f'(c)> 

f"(c), etc., by substituting the Taylor series expansion of 

f(x) about e in the definition of the method. They may also 

be found by other, less tedious, methods which are described in 

Brent (1974). The error constants for the methods considered 

below can all be expressed as sums of products of the form 

P r. 
c n <j>.1 , where (from Traub ( 1964)) 
i=2 1 

K = lim (Xj - c)/(x Q - C ) p . (6-1) 

P 

i=2 
I (i-l)r. = p - 1 
_ O 1 

(6.2) 

and 

(i) 
(6.3) 
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6.1 Fourth-order methods 

If m = n = 1 and k = 1 or 2, the relevant Jacobi 

polynomial is 6^2, 3-k, x) = x - (l-k/3), so 

cxj = 1 - k/3. (6.4) 

Some fourth-order methods are summarized in Table 6.1. 

In all cases a 1 is given by (6.4), Aj = -fg°^I'fo^ » a n d  

f(k) _ f ( k ) ( x ^ + a Aj). In some cases the auxiliary variable 

( 3(f[ 1 )-f( 1 ))/(6f[ 1 )-2fJ 1 )) if k = 1, 
A 2 = { 

A 1f[ 2 )/[2(f^ 1 )+A 1f[ 2 ))] if k = 2 

is used. The formulae for Xj and the asymptotic error constants 

K are given in the table. The only difference between the 

methods with k = 1 is in the approximation used for the zero 

of the interpolating quadratic 

3 ( f ( l ) f ( l ) } 

P 2(x) - f < 0 )
 + fj^x-x,,) +

 1
 4 A i ° ( x - x Q ) 2 . 

Method 111a is Jarratt's method (Jarratt (1969)), method 111b 

uses the approximation XQ - p 2 ( X Q ) / P 2 ( X Q ) where XQ = XQ + A^, 

method 111c uses the (better) approximation X Q - P 2 ( x Q ' ) / P 2 ( X Q ) 

- % P 2 ( x 0 ) p 2 ( x 0 ) / ( p 2 ( x 0 ) ) 3 , and method H i d solves the 

quadratic exactly if it has real roots. Similarly, the difference 

between the methods with k = 2 is in the approximation used 



35. 

for the zero of the interpolating quadratic 0 (x~xo^ 
+ ^ f [ 2 ) ( x - x 0 ) 2 . 

Table 6.1: Some fourth-order methods 

Method k a. x, - xn K 

Ilia 1 2/3 A 1 (5+3(fJ 1 ) /f[ 1 ) ) 2 )/8 *4/9-•<|)2<()3+13(j)2/9 
111b 1 2/3 Aj(l - A2) <D4/9- 3 
111c 1 2/3 Aj(l - A2(l + A2) - <f>24>3 

Hid 1 2/3 2A1/{l+[max(0,3f{1)/fJ1)-2)]^} - <t>2*3 

211a 2 1/3 Aj(l - A2) *4/3 3 
211b 2 1/3 Aj(l - A2(l + A2)) 4>4/3 - ^2*3 

6.2 Sixth-order methods 
If k = m = 1, n = 2, the relevant Jacobi polynomial is 

G2(2, 2, x) = x2 - 6x/5 + 3/10, with zeros (6 ± /6")/10. 

Method 112a 

= (6 - /6-)/10, A j = - f ^ ° ) / f j 1 ) . f[1]
 - f ( x Q + a j A j ) , 

A 2 = ' S A 1 ( f J 1 ) + ( 2 a 1 - l ) f ^ 1 ) ) / ( f { 1 ) + ( a j - U f J 1 ) , a 2 j l = O j A j / A g , 

a 2 ) 2 = (3 - 4a2>1)/(4 - 6 a 2 ) 1 ) , (6.5) 

i 1 ] - f '< x0 + a2,2A2>* 
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x l = X 0 + A 2 " A 3 / A 4 " ^ A 3 V 1 / A 4 * ( 6 - 6 ) 

T H E E R R O R C O N S T A N T I S 

K = ( | ) 6 / 1 0 0 + ( 1 - 5 A J ) ( J ) 2 ( J ) 5 / 1 0 + ( 3 A I - 2)<F> 3<J> 4/5. ( 6 . 7 ) 

METHOD 1 1 2 B 

T H I S M E T H O D I S T H E S A M E AS 1 1 2 A E X C E P T oij = ( 6 + / 6 ~ ) / 1 0 . 

T H E E R R O R C O N S T A N T I S S T I L L G I V E N B Y ( 6 . 7 ) . 

COMMENTS ON M E T H O D S 1 1 2 A AND 1 1 2 B 

MOST O F T H E E Q U A T I O N S A B O V E A R E O B T A I N E D I N A S T R A I G H T ­

F O R W A R D M A N N E R F R O M T H E G E N E R A L D E S C R I P T I O N I N S E C T I O N 2 . WE 

S H O U L D E X P L A I N E Q U A T I O N ( 6 . 5 ) . F R O M ( 2 . 1 7 ) WE N E E D A L I N E A R 

P O L Y N O M I A L Q 2 ( X ) S U C H THAT 

1 

Q 2 ( X ) X ( X - a 2 J ) D X = 0 , AND 

*1 = ( f l 1 } " f 0 1 ) ) / ( a l A l > - *2 = ( F 2 1 } " f01))/{a2^2^ 

V l = { A 2 , 2 t l " ^ . l V ^ 0 ^ " a2tl^ V 2 = ( T 2 "
 tl)/{a2,2 " A 2 , l 

A 3 = f j 0 ) + f J ! ) A 2 + (3Vj + 2 V 2 ) A ^ / 6 , 

A 4 = F J 1 * + A 2 ( V 1 + V 2 ) , 

AND 

0 
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I T I S E A S I L Y V E R I F I E D THAT Q 2 ( X ) = X - ( 3 - 4 A 2 > 1 ) / ( 4 - 6 A 2 ) 1 ) 

I S T H E R E Q U I R E D P O L Y N O M I A L . A 2 l t 2 / 3 I F X Q I S S U F F I C I E N T L Y 

C L O S E TO 5 , SO A 2 2 I S W E L L - D E F I N E D . 

A 3 AND A 4 A R E R E S P E C T I V E L Y T H E V A L U E O F T H E I N T E R P O L A T I N G 

P O L Y N O M I A L P 3 ( X ) AND I T S D E R I V A T I V E P 3 ( X ) AT X = Z 2 = X Q + A 2 

SO ( 6 . 6 ) I S ( T O S U F F I C I E N T A C C U R A C Y ) T H E A P P R O X I M A T I O N 

Z 2 - P 3 ( Z 2 ) / P 3 ( Z 2 ) - % P ^ ( Z 2 ) P ^ ( Z 2 ) / ( P 3 ( Z 2 ) ) 3  

6 . 3 E I G H T H - O R D E R M E T H O D S 

I F K = M = 1 , N = 3 , T H E R E L E V A N T J A C O B I P O L Y N O M I A L I S 

G 3 ( 2 , 2 , X ) = ( 3 5 X 3 - 6 0 X 2 + 3 0 X - 4 ) / 3 5 , W I T H Z E R O S 

a = 0 . 2 1 2 3 4 0 5 3 8 2 3 9 1 5 2 9 4 3 9 7 . . . , 

6 = 0 . 5 9 0 5 3 3 1 3 5 5 5 9 2 6 5 2 8 9 1 3 . . . , 

AND 

Y = 0 . 9 1 1 4 1 2 0 4 0 4 8 7 2 9 6 0 5 2 6 0 . . . 

( 6 . 7 ) 

METHOD 1 1 3 A 

OT ^ = A 

W H E R E A I S G I V E N B Y ( 6 . 7 ) , 

A J , F J 1 ^ . A 2 , AND OT2 J AS F O R M E T H O D 1 1 2 A , 

A = 
1 0 0 A 2 , L " • 1 2 0 A 2 , L 

+ 3 0 , 

B = 
6 0 A 2 , L " • 7 5 A 2 , L 

+ 2 0 , 

C = 
3 0 A 2 , L " • 4 0 A 2 , L 

+ 1 2 , 

a 2 , 2 
= ( B - ( B 2 - A C ) J ' 2 ) / A , 

( 6 . 8 ) 

C6 . 9 ) 
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f p ^ . * I » t2* V I » V 2 » A 3 ' A N D A 4 A S F O R M E T N O D 1 1 2 A , 

A 5 = A 2 - A 3 / A 4 , 

A 3 , l = a l W 

A 3 , 2 = A 2 , 2 A 2 / A 5 ' 

_ 1 2 - 1 5 ( A 3 > 1 + A 3 > 2 ) + 2 0 « 3 > 1 A 3 > 2 

3 , 3 1 5 - 2 0 ( A 3 j + A 3 2 ) + 3 0 A 3 ^a^ 2 » 
( 6 . 1 0 ) 

F 3 1 } " F ' < X 0 + A 3 , 3 A 5 > > 

*3 = ( F 3 ! ) - ' o ^ ' ^ . s V -

N L , _ 6 A 3 , 2 A 3 , 3 " 4 ( A 3 . 2 + a3,3 ) + 3 

1 , 1 " 9 L A 3 , l » A 3 , 2 » A 3 , 3 ; = 1 2 ( A 3 J 2 - « 3 f l.) ( a 3 f 3 - <» 3 f l) 

a l , 2 = G ( A 3 , 2 ' A 3 , 3 ' ^ . l * * 

a l , 3 = G ( A 3 , 3 ' A 3 , l ' ^.Z^ 

( 1 - a 3 2 ) ( 1 - a 3 3 ) 
3 2 , 1 = H ( A 3 , l ' A 3 , 2 ' A 3 , 3 > = ( a 3 > 2 - A 3 ' l H a 3 j 3 - a 3 > 1 ) 

A 2 , 2 = H ^ A 3 , 2 ' A 3 , 3 5 A 3 , l ^ ' 

A 2 , 3 = H ^ A 3 , 3 ' A 3 , l ' A 3 , 2 ^ » 
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1,1 a l ,2 a l ,3 

l 2,l a2,2 a2,3j 

A8 " 'J 0 ) * ^ A 5 + 

and 

A9 " f 0 X ) + A5A7» 

x l " x0 + A5 " A8/A9 " * V l / A 9 

The error constant is 

K(a,e,y) - [3<j>8 - 2l<j>2<|»7/(1-a) 

+ 9(35(l-y) - 3/(l-B))4>3<t>6 

- 25(9 - 44y + 42Y2)<J)4«J>51/3675 

Comments on method 113a 

It is easy to verify that the polynomial 

(6.11) 

(100t2 - 120t + 30)x2 - 2(60t2 - 75t + 20)x + (30t2 - 40t +12) 

is orthogonal to 1 and x with respect to the weight function 
x(x - t) on [0, 1]. In view of (2.17), this explains (6.9). 
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It may also be verified that, if a2 2 is defined by (6.9), 2 ' then b >ac for all real ct2 and a2 2+B as a2 j+a. 
Similarly, 

•1 
[(15-20(t+u)+30tu)x - (12-15(t+u)+20tu)]x(x-t)(x-u)dx = 0, 

0 
explaining (6.10), and a 3 3+y as a 3 and a 3 2->B. 

Methods 113a - 113f 
By taking = a, B or y in (6.8), and either sign before 

the square root in (6.9), we get six different methods, one of 
which is method 113a. Table 6.2 summarizes these methods. 
The error constants 

K = A<J>8 + Bcf>2<|>7 + C<J>3cf>6 + D<j>4c|>5 (6.12) 

are obtained by suitably permuting a, 6 and y in (6.11). 
Numerical values of A, B, C and D are given in the table. 

Table 6.2: Some eighth-order methods 
Method a l Sign in (6.9) Error Constant A 00 C D 

113a a - K(a,3,Y) 0. 000816 -0. 007255 -0. 010349 -0. 025756 
113b a + K(a,Y>S) 0. 000816 -0. 007255 -0. 047837 0. 015897 
113c e - K(3,Y.a) 0. 000816 -0. 013955 -0. 015420 -0. 010549 
113d 6 + K(e ,a,Y) 0. 000816 -0. 013955 -0. 001734 -0. 025756 
113e Y - K(Y»a>3) 0. 000816 -0. 064504 0. 025770 0. 015897 
113f Y + K(Y,B»a) 0. 000816 -0. 064504 0. 049571 -0. 010549 
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C o m p a r i s o n o f e r r o r c o n s t a n t s 

I t i s n a t u r a l t o a s k w h i c h o f m e t h o d s 1 1 3 a - 1 1 3 f h a s 

m i n i m a l e r r o r c o n s t a n t | K | . F r o m ( 6 . 1 1 ) , t h i s d e p e n d s o n t h e 

b e h a v i o u r o f < f > 2 » > 4 > 8 * S u p p o s e t h a t f i s h o l o m o r p h i c 

i n a c l o s e d d i s k | z - c | * r , s o t h e r e i s a c o n s t a n t c s u c h 

t h a t 

|<f>.| * c r 1 _ j ( 6 . 1 3 ) 

J 

f o r a l l j>2. ( C o n v e r s e l y , i f ( 6 . 1 3 ) h o l d s t h e n f i s h o l o m o r p h i c 

i n t h e o p e n d i s k | z - c | < r . ) F r o m ( 6 . 1 2 ) a n d ( 6 . 1 3 ) , 

| K | « ( | A | + | B | + | C | + | d ) c r " 7 , ( 6 . 1 4 ) 

s o a r e a s o n a b l e c r i t e r i o n i s t o c h o o s e t h e m e t h o d w i t h m i n i m a l 

a = | A | + | B | + | C | + | D | . ( A s i m i l a r b u t s l i g h t l y d i f f e r e n t 

c r i t e r i o n i s g i v e n b y K i n g ( 1 9 6 6 ) . ) O n o u r c r i t e r i o n , m e t h o d 

1 1 3 c (a = 0 . 0 3 9 9 ) i s s l i g h t l y b e t t e r t h a n m e t h o d s 1 1 3 d (a = 0 . 0 4 1 4 ) 

a n d 1 1 3 a (a = 0 . 0 4 3 4 ) , b u t t h e d i f f e r e n c e i s s m a l l . O n t h e 

s a m e c r i t e r i o n m e t h o d 1 1 2 a i s b e t t e r t h a n m e t h o d 1 1 2 b . 

6 . 4 A s e v e n t h - o r d e r m e t h o d 

I f k = 1 , m = n = 2 , t h e r e l e v a n t J a c o b i p o l y n o m i a l i s 

G 2 ( 3 , 3 , x ) = x 2 - 4 x / 3 + 2 / 5 , w i t h z e r o s ( 1 0 ± / T 0 ) / 1 5 . 

B y T h e o r e m 2 . 1 , m e t h o d s i n C ' ( l , 2 , 2 ) h a v e o r d e r 7 . O n e 

s u c h m e t h o d i s t h e f o l l o w i n g . 
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Method 122 

(10 - /10)/15, a2 = (10 + /10)/15, 

_ f (0) / f (l) = _ ^ f (2) .2 / f (l) T0 / T0 » A2 A l zX0 A l / T 0 ' 

f (xQ + a ^ ) , f ^ = f '(x 0 + a2A2), 

Xj an approximate zero of p3, satisfying (2.3) and 

P 3(Xj) = 0(68) (6.15) 

(an explicit formula for Xj, similar to those above, is easy 
to derive). 

Provided (6.15) holds, instead of merely (2.4), the error 
2 

constant is -<J>7/225 - 2<j>2<|>5/3 + <j>3<|>5/3. Unlike some of the 
methods above, method 122 remains the same when ctj and a2 

are interchanged. 

a l =  

A l " 

<i 1 } " 
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7. OTHER METHODS 

T h e o b v i o u s m e t h o d w h i c h u s e s e v a l u a t i o n s o f f , f 1 a n d 

f" a t x Q , f o l l o w e d b y e v a l u a t i o n s o f f 1 a n d f" a t a n o t h e r 

p o i n t y ^ = X Q + 0(6), h a s o r d e r f i v e . I t i s n a t u r a l t o a s k 

i f t h e r e i s a c h o i c e o f y ^ f o r w h i c h t h e o r d e r i s s i x . T h e o r e m s 

2.1 a n d 4.1 a r e n o t a p p l i c a b l e , b u t f o r a s i m i l a r a n a l y s i s t o 

g o t h r o u g h we n e e d a n o n z e r o n u m b e r a s u c h t h a t P ( l ) = 0 

f o r a l l f i f t h - d e g r e e p o l y n o m i a l s P ( x ) s a t i s f y i n g 

P(0) = P 1 (0) = P"(0) = P ' ( a ) = P " ( a ) = 0 ( c o m p a r e Lemma 4.3). 

T h i s c o n d i t i o n g i v e s 

d e t 

"1 1 

3 4a 5a 

6 12a 20a' 

= 0 , (7.1) 

w h i c h ( u s i n g a f 0) r e d u c e s t o 

1 0 a
2 - 1 5 a + 6 = 0. (7.2) 

S i n c e (7.2) h a s n o r e a l r o o t s , we d o n o t k n o w a n y r e a l m e t h o d 

o f o r d e r s i x . 

S i m i l a r l y , i t i s n a t u r a l t o a s k i f t h e r e i s a n e i g h t h - o r d e r 

m e t h o d w h i c h u s e s e v a l u a t i o n s o f f , f 1 , f " , a n d f"1 a t X Q , 

f o l l o w e d b y e v a l u a t i o n s o f f 1 , f" a n d f , M a t s o m e p o i n t y ^ . 

I n t h i s c a s e w e n e e d a n o n z e r o a s a t i s f y i n g 
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det 

1 1 1 1 

4 5a 6 a 2 7 a 3 

12 20a 30a 2 42a 3 

24 60a 120a 2 210a 3 

= o, (7.3) 

which reduces to 

35a 3 - 84a 2+ 70a - 20 = 0, (7.4) 

and (7.4) has one real root a = 0.74494327207110343664... 

We shall not give the details of this method, but note that, 

provided the polynomial approximations are solved sufficiently 

accurately, the error constant is simply (1 - a)4<j>g. Some 

numerical results for this method (S g) are given in Section 9. 

These examples suggest several open questions. For example, 

there are methods of order 2m+l which use evaluations of 

f ( x Q ) , ... , f ( m ) ( x Q ) and f ( y ^ , ... , f ^ C y ^ , but for 

which m are there (real) methods of order 2m+2 ? (There 

are such methods for m = 1, 3, 5, etc., but none is known 

for even m.) Similarly, for which n are there methods of 

order 3(n + l) using evaluations of f(xg), f ' ( x 0 ) , f"(xQ) 

and f (y^Jt f" (y^) for suitable real points y ^ f ... , y n ? 

(No such methods are known for n > 0.) 

A possible extension of our results is to methods where 
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T H E E V A L U A T I O N O F D E R I V A T I V E S F ^ K ^ ( Y I ) I S R E P L A C E D B Y T H E 
E V A L U A T I O N O F D E F I N I T E I N T E G R A L S 

F ( - 1 ) ( Y I ) - \(t)dtt F ( " 2 ) ( Y < ) - F ( T ) D T D U = ( Y R T ) F ( T ) D T , 

E T C . F O R E X A M P L E , I F M ^ L , N = 1 A N D 0 < K * M + L , O U R T H E O R Y G I V E S 

a 
M + 2 - K 

1 M + 2 * ( 7 . 5 ) 

I T I S S U G G E S T I V E T H A T T H E F O U R T H - O R D E R M E T H O D S O F K I N G ( 1 9 7 3 ) 
H A V E C T J = 1 , W H I C H I S O B T A I N E D F O R M A L L Y B Y S E T T I N G K = 0 
I N ( 7 . 5 ) . S I M I L A R L Y , = ( M + 3 ) / ( M + 2 ) I S O B T A I N E D F O R M A L L Y 
B Y S E T T I N G K = - 1 I N ( 7 . 5 ) , A N D T H E R E I S I N F A C T A M E T H O D O F 

( X N > O R D E R M + 3 W H I C H U S E S E V A L U A T I O N S O F F ( X G ) , . . . , F ^ 
A N D F ^ " ^ ( Y J ) » W H E R E Y ^ I S D E T E R M I N E D I N T H E U S U A L W A Y F R O M 
T H I S V A L U E O F A ^ . ( F O R D E T A I L S O F T H I S M E T H O D , S E E K A C E W I C Z 
( 1 9 7 4 ) A N D W O Z N I A K O W S K I ( 1 9 7 4 ) . ) H O W E V E R , W E D O N O T E X P E C T T H E 
F O R M A L A N A L O G Y T O H O L D F O R L A R G E N . O N E R E A S O N F O R T H I S I S 

I S A T T A I N A B L E B Y M E T H O D S U S I N G T H A T A N O R D E R O F A T L E A S T 2 ^ / 2 ^ 
O N E E V A L U A T I O N O F F A N D N E V A L U A T I O N S O F F ( - 1 ) P E R I T E R A T I O N , 
F O R T W O E V A L U A T I O N S O F F ( - 1 ) C A N B E U S E D T O A P P R O X I M A T E O N E 
E V A L U A T I O N O F F T O A N Y D E S I R E D A C C U R A C Y . N O T E T H A T F I N D I N G 
A Z E R O O F F U S I N G E V A L U A T I O N S O F F ( - 1 ) I S E Q U I V A L E N T T O 
F I N D I N G A T U R N I N G P O I N T O F G = F ( - D U S I N G E V A L U A T I O N S O F G 
S O T H E M E T H O D S D I S C U S S E D I N B R E N T ( 1 9 7 3 A ) M A Y A L S O B E U S E D . 
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8 . A CLASS OF NONLINEAR RUNGE-KUTTA METHODS 

C o n s i d e r t h e o r d i n a r y d i f f e r e n t i a l e q u a t i o n 

d x / d t = g ( x ) ( 8 . 1 ) 

w i t h i n i t i a l c o n d i t i o n x ( t Q ) = x Q . I f t j = t Q + h a n d w e 

w a n t t o f i n d x ( t ^ ) , w e n e e d a z e r o o f t h e f u n c t i o n 

f ( x ) = 
d u 

gTuT ( 8 . 2 ) 

S i n c e f ' ( x ) = l / g ( x ) m a y b e c o m p u t e d a l m o s t a s e a s i l y 

a s g ( x ) , a n d f ( x Q ) = - h i s k n o w n w i t h o u t a n y c o m p u t a t i o n , 

a z e r o - f i n d i n g m e t h o d u s i n g e v a l u a t i o n s o f f ( x Q ) , f ' ( x Q ) , 

f ' ( y j ) » • • • » f ' ( y n ) i s a p p l i c a b l e . F o r e x a m p l e , o n e i t e r a t i o n 

o f m e t h o d 1 1 1 a ( s e e S e c t i o n 6 ) m a y b e w r i t t e n a s 

a n d 

g 0 = g ( x 0 ) , 

A l = h V 

g a = g ( x Q + 2 A 1 / 3 ) , 

x 2 = x Q + A j ( 5 + 3 ( g a / g 0 ) Z ) / 8 , J 

( 8 . 3 ) 

w h e n f i s d e f i n e d b y ( 8 . 2 ) . T h e e q u a t i o n s ( 8 . 3 ) g i v e a n e x p l i c i t 

m e t h o d o f R u n g e - K u t t a t y p e f o r s o l v i n g t h e d i f f e r e n t i a l e q u a t i o n 

( 8 . 1 ) . T h e m e t h o d i s " n o n l i n e a r " b e c a u s e t h e f o r m u l a f o r Xj 

i s n o n l i n e a r i n g Q 
a n d 'a 

S i n c e t h e z e r o - f i n d i n g m e t h o d i s 
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f o u r t h - o r d e r , x 1 = x ( t j ) + 0 ( h H ) , s o t h e R u n g e - K u t t a m e t h o d 

( 8 . 3 ) h a s o r d e r t h r e e . N o t e t h e d i f f e r e n c e i n t h e d e f i n i t i o n s 

o f o r d e r f o r d i f f e r e n t i a l e q u a t i o n m e t h o d s ( H e n r i c i ( 1 9 6 2 ) ) 

a n d m e t h o d s f o r f i n d i n g z e r o s . 

S i m i l a r l y , f o r a n y z e r o - f i n d i n g m e t h o d M ( l , 1 , n ) t h e r e 

i s a c o r r e s p o n d i n g n o n l i n e a r R u n g e - K u t t a m e t h o d . N u m e r i c a l 

r e s u l t s f o r s o m e o f t h e s e m e t h o d s a r e g i v e n i n S e c t i o n 9 . By 

T h e o r e m 4 . 1 , t h e o r d e r o f t h e z e r o - f i n d i n g m e t h o d i s 2 ( n + l ) , 

s o t h e o r d e r o f t h e R u n g e - K u t t a m e t h o d i s 2 n + l . T h u s ( w i t h 

v = n + 1 ) we h a v e t h e f o l l o w i n g t h e o r e m , w h i c h i s r e l a t e d t o 

s o m e r e s u l t s o f N 0 r s e t t ( 1 9 7 4 ) a n d O s b o r n e ( 1 9 6 7 ) . 

T h e o r e m 8 . 1 

I f v > 0 , t h e r e i s a n e x p l i c i t , n o n l i n e a r , R u n g e - K u t t a 

m e t h o d o f o r d e r 2 v - l , u s i n g v f u n c t i o n e v a l u a t i o n s p e r 

i t e r a t i o n , f o r s i n g l e d i f f e r e n t i a l e q u a t i o n s o f t h e f o r m ( 8 . 1 ) . 

T h e o r e m 8 . 1 c o n t r a s t s w i t h t h e k n o w n r e s u l t s f o r ( l i n e a r ) 

R u n g e - K u t t a m e t h o d s f o r s y s t e m s o f d i f f e r e n t i a l e q u a t i o n s o f 

t h e f o r m 

d x / d t = g ( x , t ) . ( 8 . 4 ) 

F r o m B u t c h e r ( 1 9 6 5 ) , t h e h i g h e s t o r d e r a t t a i n a b l e b y s u c h m e t h o d s 

u s i n g v e v a l u a t i o n s o f g ( x , t ) p e r i t e r a t i o n i s 
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P*(v) = 

v if l£v^4, 

v-1 if 5^v^7, 

v-2 if 8*v*9, 

and 

p*(v) £ v-2 if v*10, 

Thus, it seems unlikely that a generalization of our nonlinear 

methods to systems of differential equations is possible, although 

an extension to single equations of the form dx/dt = g(x, t) 

may be possible. 
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9 . N U M E R I C A L R E S U L T S 

I N T H I S S E C T I O N WE S U M M A R I Z E T H E R E S U L T S O F N U M E R I C A L T E S T S 

O F S O M E O F T H E M E T H O D S D E S C R I B E D I N S E C T I O N S 6 TO 8 . T A B L E 9 . 1 

G I V E S e. = X.. - c ( I = 1 , . . . , 4 ) F O R T H E F U N C T I O N 

F ( X ) = X 2 - X - 3 + 4 / X - L O G 2 X , ( 9 . 1 ) 

W I T H A S I M P L E Z E R O AT c = 2 , F R O M T H E I N I T I A L A P P R O X I M A T I O N 

XQ = 1 0 . M U L T I P L E - P R E C I S I O N A R I T H M E T I C WAS U S E D TO O B T A I N 

e 3 AND e 4 A C C U R A T E L Y I N O R D E R TO D E M O N S T R A T E T H E S U P E R L I N E A R 

C O N V E R G E N C E . T H E O R D E R p AND A S Y M P T O T I C E R R O R C O N S T A N T K 

A R E AS G I V E N A B O V E . 

T A B L E 9 . 1 : N U M E R I C A L R E S U L T S F O R T H E F U N C T I O N ( 9 . 1 ) 

3 4 
METHOD O R D E R K 

£ 1 E 2 £ 3 4 

1 1 1 A 4 3 . 6 1 1 . 5 6 1 . 8 0 ' - 1 1 . 3 3 ' - 3 1 . 1 2 ' - 1 1 

1 1 1 B 4 2 . 6 0 1 . 4 4 1 . 4 3 ' - 1 5 . 0 2 ' - 4 1 . 6 5 ' - 1 3 

1 1 1 C 4 3 . 3 2 ' - 1 9 . 8 7 ' - ] L 4 . 0 9 ' - 2 8 . 1 8 ' -7 1 . 4 9 ' - 2 5 

L L L D 4 3 . 3 2 ' - 1 4 . 5 0 ' - ] L 3 . 5 3 ' - 3 5 . . 0 5 ' - 1 1 2 . 1 6 ' - 4 2 

1 1 2 A 6 1 . 1 2 ' - 2 3 . 8 6 ' - ] L 5 . 8 6 ' - 5 4 . 5 5 ' - 2 8 9 . 9 4 ' - 1 6 7 

1 1 3 A 8 3 . 6 9 ' - 4 1 . 4 9 ' L 1 . 0 3 ' - 1 0 4 . 7 7 ' - 8 4 9 . 8 1 ' - 6 7 1 

1 2 2 7 6 . 9 0 ' - 2 6 . 2 7 ' - ] L 1 . 7 9 ' - 3 4 . 0 2 ' - 2 1 1 . 1 7 ' - 1 4 4 

S 8 8 2 . 8 2 ' - 5 6 . 4 4 ' - ] L 2 . 6 6 ' - 3 4 . 5 2 ' - 2 1 4 . 9 4 ' - 1 6 8 



50. 

All the methods converge although X Q is not very close 

to c The higher order methods give good approximations after 

two iterations (e.g. e 2 = 1.03'-10 for method 113a). Method 

11Id is the best of the fourth-order methods, at least for the 

function (9.1). 

Table 9.2 illustrates equation (6.1). For f given by 

(9.1) and various e Q = x Q - c, the table gives the computed 

values K ( e Q ) = e^/e^9 and the predicted asymptotic error 

constant K = lim K ( e n ) . The agreement between the predicted 
e 0-v0 

and computed values is good. 

Table 9.2: Computed and predicted error constants 

Method Order K(10" 4) K(10" 8) K ( 1 0 " 1 2 ) K 

112a 6 1.12131' -2 1.12045' -2 1.12045' -2 1.12045' -2 

113a 8 3.68987' -4 3.68889' -4 3.68889' -4 3.68889' -4 

122 7 6.89218' -2 6.89766' -2 6.89766 -2 6.89766' -2 

S 8 8 7.11402' -2 3.53173' -5 2.81896 -5 2.81889' -5 

Finally, Table 9.3 gives numerical results for some of 

the Runge-Kutta methods described in Section 8 and some more 

usual Runge-Kutta methods. Suppose we want to tabulate solutions 

of 

e " u 2 / 2 d u = t (9.2) 
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f o r t = 0 . 0 ( 0 . 1 ) 0 . 4 o r t = 0 . 0 ( 0 . 0 1 ) 0 . 4 9 . E q u i v a l e n t l y , w e 

w a n t t o s o l v e t h e d i f f e r e n t i a l e q u a t i o n 

2 
d x / d t = ( 2 7 T ) ^ 2 e x 1 1 ( 9 . 3 ) 

w i t h i n i t i a l c o n d i t i o n x ( 0 ) = 0 . T h e f o l l o w i n g m e t h o d s a r e 

p o s s i b l e : 

1 . N u m e r i c a l i n t e g r a t i o n o f t h e l e f t s i d e o f ( 9 . 2 ) , f o l l o w e d 

b y i n t e r p o l a t i o n . T h i s w o u l d b e a p p r o p r i a t e i f t h e s o l u t i o n 

w e r e t o b e t a b u l a t e d f o r g i v e n v a l u e s o f x , b u t i t i s i n c o n v e n i e n t 

i f t h e s o l u t i o n i s r e q u i r e d f o r g i v e n v a l u e s o f t . 

2 . U s i n g s o m e m e t h o d f o r s e c o n d - o r d e r d i f f e r e n t i a l e q u a t i o n s 

( o r s y s t e m s o f f i r s t o r d e r e q u a t i o n s ) a p p l i e d t o t h e e q u a t i o n 

2 2 2 
d x / d t = x ( d x / d t ) w i t h a p p r o p r i a t e i n i t i a l c o n d i t i o n s . T h i s 

a v o i d s t h e r e p e a t e d e v a l u a t i o n o f e x p o n e n t i a l s , b u t d e p e n d s 

o n s p e c i a l p r o p e r t i e s o f t h e i n t e g r a n d i n ( 9 . 2 ) , s o i s n o t 

g e n e r a l l y a p p l i c a b l e . 

3 . U s i n g s o m e m e t h o d f o r f i r s t - o r d e r d i f f e r e n t i a l e q u a t i o n s 

a p p l i e d t o ( 9 . 3 ) . We c o m p a r e s o m e s u c h m e t h o d s . 

I n T a b l e 9 . 3 , m e t h o d H i d ' i s t h e ( t h i r d - o r d e r ) n o n l i n e a r 

R u n g e - K u t t a m e t h o d d e r i v e d f r o m t h e ( f o u r t h - o r d e r ) z e r o - f i n d i n g 

m e t h o d 1 1 I d a s d e s c r i b e d i n S e c t i o n 8 , a n d s i m i l a r l y f o r 1 1 2 a * 

a n d 1 1 3 a 1 . M e t h o d RK4 i s t h e c l a s s i c a l f o u r t h - o r d e r m e t h o d 

o f K u t t a ( 1 9 0 1 ) , a n d RK7 i s t h e s e v e n t h - o r d e r m e t h o d o f S h a n k s 
2 

( 1 9 6 6 ) . T h e n u m b e r o f e v a l u a t i o n s o f e x ^ 2 p e r i t e r a t i o n i s 
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d e n o t e d b y v . I f x ^ ( t ) i s t h e c o m p u t e d s o l u t i o n ( u s i n g 

s t e p s i z e h ) , t h e e r r o r e h ( t ) i s d e f i n e d b y 

e h ( t ) = ( 2 T T ) " ^ 

x u ( t ) 

0 

e - u 2 / 2 d u - t . 

C o m p u t a t i o n s w e r e p e r f o r m e d w i t h d o u b l e - p r e c i s i o n f l o a t i n g - p o i n t 

a r i t h m e t i c o n a U n i v a c 1 1 0 8 c o m p u t e r ( f r a c t i o n l e n g t h 6 0 b i t s ) . 

T a b l e 9 . 3 : C o m p a r i s o n o f R u n g e - K u t t a m e t h o d s 

M e t h o d v O r d e r e Q < 1 ( 0 . 2 ) e o . 0 1 * ° * ' 2 * e Q > 1 ( 0 . 4 ) e 0 0 1 ( 0 . 4 ) 

l l l d ' 2 3 - 4 . 5 9 ' - 5 - 5 . 6 6 ' - 8 - 9 . 4 5 ' - 6 1 . 4 9 ' - 7 

1 1 2 a ' 3 5 1 . 2 2 ' - 7 2 . 5 4 ' - 1 2 3 . 1 6 ' - 6 - 2 . 4 7 ' - 1 1 

1 1 3 a ' 4 7 - 6 . 2 8 ' - 1 0 - 6 . 2 9 ' - 1 7 3 . 8 6 ' - 8 3 . 6 9 ' - 1 5 

RK4 4 4 - 3 . 7 4 ' - 7 2 . 1 2 - 1 1 1 . 9 5 ' - 5 7 . 9 0 ' - 9 

RK7 9 7 - 1 . 7 6 ' - 9 - 2 . 8 6 - 1 6 - 5 . 1 9 ' - 7 - 1 . 6 7 ' - 1 3 

T h e t a b l e s u g g e s t s t h a t o u r m e t h o d s a r e m o r e a c c u r a t e t h a n 

s t a n d a r d R u n g e - K u t t a m e t h o d s w i t h t h e s a m e n u m b e r o f f u n c t i o n 

e v a l u a t i o n s p e r i t e r a t i o n , a n d m o r e e f f i c i e n t t h a n s t a n d a r d m e t h o d s 

w i t h t h e s a m e o r d e r . F o r e x a m p l e , m e t h o d 1 1 3 a ' i s c o n s i d e r a b l y 

m o r e a c c u r a t e t h a n R K 4 , t h o u g h b o t h m e t h o d s r e q u i r e f o u r f u n c t i o n 

e v a l u a t i o n s p e r i t e r a t i o n ; a n d 1 1 3 a ' i s s l i g h t l y m o r e a c c u r a t e 

t h a n R K 7 , w h i c h r e q u i r e s n i n e f u n c t i o n e v a l u a t i o n s p e r i t e r a t i o n . 

T h i s i s n o t s u r p r i s i n g , f o r o u r m e t h o d s a r e a p p l i c a b l e o n l y 
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TO S I N G L E D I F F E R E N T I A L E Q U A T I O N S O F T H E S P E C I A L FORM ( 8 . 1 ) , 

B U T T H E S T A N D A R D M E T H O D S A R E A P P L I C A B L E TO G E N E R A L S Y S T E M S O F 

T H E FORM ( 8 . 4 ) . T H E U S E O F M E T H O D RK4 TO S O L V E N O N L I N E A R 

E Q U A T I O N S WAS S U G G E S T E D B Y K I Z N E R ( 1 9 6 4 ) . 
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A . M . O s t r o w s k i ( 1 9 6 6 ) , S o l u t i o n o f E q u a t i o n s a n d S y s t e m s o f 

E q u a t i o n s ( 2 n d e d . ) , A c a d e m i c P r e s s , New Y o r k . 

E . B . S h a n k s ( 1 9 6 6 ) , S o l u t i o n s o f d i f f e r e n t i a l e q u a t i o n s b y 

e v a l u a t i o n s o f f u n c t i o n s , M a t h . C o m p . , 2 0 , p p . 2 1 - 3 8 . 

G. S z e g o ( 1 9 5 9 ) , O r t h o g o n a l P o l y n o m i a l s , AMS C o l l o q u i u m 

P u b l i c a t i o n , v o l . 2 3 , A m e r i c a n M a t h . S o c . , New Y o r k . 

J . F . T r a u b ( 1 9 6 4 ) , I t e r a t i v e M e t h o d s f o r t h e S o l u t i o n o f 

E q u a t i o n s , P r e n t i c e - H a l l , E n g l e w o o d C l i f f s , New J e r s e y . 



5 8 . 

H . W I L K I N S O N ( 1 9 6 3 ) , R O U N D I N G E R R O R S I N A L G E B R A I C P R O C E S S E S , 

H M S O , L O N D O N . 

W O Z N I A K O W S K I ( 1 9 7 4 ) , G E N E R A L I Z E D I N F O R M A T I O N AND M A X I M A L 

O R D E R O F I T E R A T I O N F O R O P E R A T O R E Q U A T I O N S , C O M P U T E R S C I . 

D E P T . , C A R N E G I E - M E L L O N U N I V . , P I T T S B U R G H , P E N N S Y L V A N I A . 



5 9 . 

A P P E N D I X : F O R T R A N S U B R O U T I N E S 

T H E F O R T R A N S U B R O U T I N E S D Z 1 1 1 D , D Z 1 1 2 A AND D Z 1 1 3 A A R E 

D O U B L E - P R E C I S I O N I M P L E M E N T A T I O N S O F T H E M E T H O D S 1 1 I D I 1 1 2 A AND 

1 1 3 A D E S C R I B E D I N S E C T I O N 6 . T H E Y H A V E B E E N T E S T E D ON A U N I V A C 

1 1 0 8 C O M P U T E R U S I N G T H E F O R T R A N V C O M P I L E R . 

1 F U N C T I O N O Z I U O F F P , X * , F 0 , F 0 P ) 
2 C 
3 C D Z 1 U 0 I M P R O V E S AN A P P R O X I M A T I O N X 0 TO A Z E R O OF A 
4 C F U N C T I O N F F X ) * I T H D E R I V A T I V E F ' C X ) « F P ( X ) WHICH 
5 C MAY R E C O M P U T E D BY T H E F U N C T I O N F P . I T I S A S S U M E D 
6 C T H A T FOI B F ( X * ) , F 0 P « F » ( X 0 I , ANO F 0 P , N E , 0 
8 C T H E METHOD U S E D I S OF F O U R T H O R D E R AND C A L L S F P O N C E . 
9 C O B V I O U S L Y , Q Z 1 1 1 0 S H O U L D O N L Y B E U S E D I F F ' I S 

1 0 C E A S I E R TO E V A L U A T T T H A N F ( E . G . I F F I S D E F I N E D B Y AN 
1 1 C I N T E G R A L ) , 
1 2 C 
1 3 C NQTE THAT E V E R Y T H I N G I S D O U B L E - P R E C I S I O N AND F P M U S T 
1 4 C B E D F C L A R E O E X T E R N A L I N T H E C A L L I N G P R O G R A M , 
1 6 I M P L I C I T R E A L * 8 ( A - M , 0 - 7 ) 
1 7 D E L I « 9 0 0 
1 8 C C H E C K F O R E X A C T 7 T R 0 
1 9 I F ( F F C . E G . 0 D 0 ) GO TO 1 « 
2 0 C C H F C K THAT F « P N O N Z E R O 
2 1 I F ( F 0 P , E Q , ( 8 O i a ) GO TO 2 0 
2 2 C C O M P U T E NEWTOM S T E P 
2 3 0 E L 1 • - F * / F 0 P 
2 4 c E V A L U A T E F « AT • 2 * O E L I / 3 
2 5 F H s F P ( X 0 • ( 2 O 0 / 3 N 0 ) * O E L L ) 
2 6 C C O M P U T E F O U R T H O R D E R A P P R O X I M A T I O N 
2 7 D • 3 D 0 * F U / F 0 P - 2 0 0 
2 8 S s piOP> 
2 9 I F ( O , G T . 0 D 0 ) S « O S O R T ( O ) 
3^ 0 Z H 1 0 « X 0 • 2 D 0 * D E L 1 / ( 1 O 0 • S ) 
3 1 RFCTURN 
3 2 C ABNORMAL E X I T , K F T U R N N E ^ T P N S T E P 
3 3 1 0 D Z 1 1 1 0 = X 0 • OFCLL 
3 4 R E T U R N 
3 5 C E R R O R TF F 0 P a » 
3 6 2 0 P R I N T 3 0 
3 / 3 B F O R M A T {/, » * * * F0 IP s I N C A L L TO D Z 1 1 1 D * * * • ) 
3 8 S T O P 
3 9 END 

http://Ffc.EG.0D0


60. 

F U N C T I O N O Z U 2 A ( F P , X 0 , F P , F 0 P ) 

OZU2A I M P R O V E S A M A P P R O X I M A T I O N X 0 TO A Z E R O O F A 
F U N C T I O N FfX) W I T H D E R I V A T I V E F«(X) a F P(X) WHICH 
MAY B E C O M P U T E D B Y T H E F U N C T I O N F P , IT IS A S S U M E D 
T H A T Fa = F ( X 0 ) , F 0 P • F ' ( X 0 ) , AND F 0 P . N E , 0 

T H E METHOD U S E D IS OF S I X T H O R O E R AND C A L L S F P T W I C E . 
O B V I O U S L Y , 0ZU2A S H O U L D ONLY BE U S E D I F F • IS 
E A S I E R TO E V A L U A T E THAN F ( E . G . I F F I S D E F I N E D B Y AN 
I N T E G R A L ) , 

N O T E T H A T E V E R Y T H I N G I S D O U B L E * P R E C I S I O N AND F P M U S T 
B E D E C L A R E D E X T E R N A L I N T H E C A L L I N G P R O G R A M , 

I M P L I C I T R F A L * 8 ( A - P H , O-Z) 
D E L 1 • u5O0 
C H E C K F O R E X A C T ZfcRQ 
IF (F0 .EO.0O0T GO TO I B 
C H E C K THAT F « P NONZERO 
IF ( F 0 P . E Q , 0 D 0 ) GO TO 20 
C O M P U T E NEWTON S T E P 
D E L I * * F 0 / F 0 P AD • DELl*((6Qf»*OSQRTC6Dfl))/10na) 
E V A L U A T E F• 
Fll • F P ( X 0 • A D ) 
D : F H P F 0 P * ( ( 4 D 0 * D S Q R T ( 6 D 0 ) ) / 1 0 D 0 ) 
IF ( D 1 E Q , 0 O 0 ) GO TO 1 0 
0 E L 2 IS A T H I R O O R D E R A P P R O X I M A T I O N TO T H E O I S T A N C E TO 
A Z E R O , 
0EL2 * 0,5O0*DEL1*(F11 • F0P*((iO0 • D S Q R T ( 6 0 0 ) ) / S O B ) ) / D 
IF (nEL2.E9.0D0) GO TO 10 
A 2 1 • AO ^ O E L ? 
D E T E R " " 

ERMINE A22 
a 300 - 4O0*A21 „ « 400 • 6D0*A2t 

IF ((C.eO,0D0).OR,(D.EO,0O0)) GO TO 10 
A22 » c/O 
8 
I A22 
HO a 
P E R F 

A22*QE|f2. . .RFORM NEXT EVALUATION OF F ' 
F21 a FP (X0 • BO) NOW COMPUTE SIXTH OROER APPROXIMATION Ti * (Fll - F3PJ/A0 T2 a (F21 - F0P)/BD DBA s A22 «• A21 IF (DBA.EQ.0Oa) GO TO 10 VJ a (A22*T1 - A21*T2)/0BA V2 a (T2 - T1)/DBA 
0EL3 a F0 • OEL2*(F0P • DEL2*(0.5D0*V1•C100/300)*V2)) 
0EL4 a F0P • 0EL2*(V1 • V25 
IF (0EL4.£0,000) GO TO 10 
0 a 0EL3/DEL4 
DZ112A a X0 • (0EL2 - D*(1D0 • 0,5D0*D*V1/0EL4)) 
RETURN 
ABNORMAL EXIT, RETURN NEWTON STEP 

1& DZ119A : Xfl + 0EL1 
RETURN 
ERROR IF F0P a » 

20 PRINT 30 
3d FORMAT (/, ' *** F0P a 0,0 IN CALL TO DZ112A ***') STOP END 

http://nEL2.E9.0D0
http://DBA.EQ.0Oa


6 1 . 

F U N C T I O N 0 7 1 1 3 A ( F P , X 0 , F 0 , FVP) 

0 Z 1 13A I M P H Q V E S A N A P P R O X I M A T I O N X0 TO A Z E R O OF A 
F U N C T I O N F ( X ) W I T H D E R I V A T I V E F F ( X ) * F P ( X ) W H I C H 
M A Y Be CO-1PUTEP BY T H E F U N C T I O N F P . I T I S A S S U M E D 
T H A T F 0 = F ( X A ) , F » P * F ' (X<*) » A N U F P I P . N E . 9 I 

T H F MFCTHOQ U S E D I S OF E I G H T H O R D E R AND C A L L S F P T H R E E 
T L M T S - O B V I O U S L Y . O Z L 1 3 A S H O U L D ONLY B E U S E D I F F 1 I S 
E A S I E R TP E V A L U A T E THAN F ( £ , G , I F F I S D E F I N E D B Y AN 
I N T T G R A L ) . 

N O T E THAT E V E R Y T H I N G I S D O U B L E - P R E C I S I O N AND F P M U S T 
B E O E C L A R E O E X T E R N A L I N T H E C A L L I N G P R O G R A M , 

I M P L I C I T R E A L * 8 ( A - H , O - Z ) 
D E L I • ANA 
C H E C K F O R E X A C T Z E R O 
I F ( F 0 4 E O , 9 I O 0 ) GO TO 1 * 
C H E C K THAT FHP N O N Z E R O 
I F ( F e > P , E Q . a D 9 » ) GO TO 2 0 
C O M P U T E N E W T O N S T E P 
O E L 1 « - F T F / F & P 
A L P « 0 . 2 1 2 3 4 * 5 3 8 2 3 9 1 5 2 9 4 3 9 7 4 7 5 8 1 1 0 1 2 4 . . . I S A ROOT OF 
3 5 * A L P * * 3 - 6 0 * A L P * * 2 • 3 0 * A L P • 4 
AD • 0 1 2 1 2 3 4 0 5 3 8 2 3 9 1 5 2 9 4 D 0 * D E L 1 
E V A L U A T E F » AT X 0 • A L P * D E L 1 
F H A F P ( X 0 • ADL 
0 « F 1 1 • ( 0 , 2 1 2 3 4 0 5 3 8 2 3 9 1 5 2 9 4 D 0 - I D 0 ) * F 0 P 
I F ( D . F Q . 0 0 0 1 GO TO 1 0 
D E L 2 I S A T H I R D O R D E R A P P R O X I M A T I O N TO T H E D I S T A N C E TO 
A Z E R O , 
0 E L 2 A 0 . 5 O ^ * D E L 1 * ( F 1 1 • ( 2 0 0 * 0 , 2 1 2 3 4 0 5 3 8 2 3 9 1 5 2 9 4 D 0 - 1 D 0 ) 

2 * F 0 P ) / D 
I F ( D E L 2 . E Q . 0 O 0 ) GO TO 1 0 
A 2 1 A A O 7 0 E L 2 
C O M P U T E C O E F F I C I E N T S OF Q U A D R A T I C D E T E R M I N I N G A 2 2 
A A 3 0 0 0 - A 2 L * ( 1 2 0 O 0 - A 2 1 * 1 0 0 D 0 ) 
H A 2 0 D 0 - A 2 1 * ( 7 5 O 0 • A 2 1 * 6 0 O 0 ) 
C « 1 2 0 0 - A 2 I * ( 4 0 O 0 - A 2 L * 3 0 O 0 ) 
D E T E R M I N E A 2 2 B Y S O L V I N G Q U A D R A T I C ( B * B > A » C A L W A Y S ) 
0 A B • D 5 Q R T ( B * B - A * C ) 
I F ( ( C . £ 0 , 0 0 0 ) . O R , ( O . E O , 0 0 0 ) ) GO TO 1 0 
A 2 ? = F / D 
BO A A 2 2 * 0 E L 2 
P E R F O R M N E X T E V A L U A T I O N OF F ' 
F 2 1 A F P (XTF • B O ) 
N O W C O M P U T E F O U R T H O R D E R A P P R O X I M A T I O N 
T L A ( F 1 1 - F 0 P ) / A D 
T 2 S ( F 2 1 - F 3 P ) / B 0 
OHA • A 2 2 - * 2 T 
I F ( D B A . F Q . 0 O 0 ) GO TO 1 0 
V I A ( A 2 ? * T L - A 2 L * F ? ) / D 8 A 
V 2 A ( T 2 - F D / O B A 
D E L 4 A F P I P • 3 E L 2 * ( V L • V ? ) 
I F ( D E L 4 . F C O , 0 O 0 ) (,0 T() Lpt 
D E L 5 A D E L ? - ( F 0 • O £ L 2 * ( F 0 P 4 0 E L 2 

2 * ( A . 5 0 A * V ! • ( 1 D 0 / 3 D 0 ) # V 2 ) ) ) / D E L 4 

http://FPIP.NE.9I


6 2 . 

I F ( D E L 5 . T O . 0 Q N ) GO TO 1 0 
U P D A T E A ? L AND A 2 2 
A 3 ! A A 0 / 0 E L 5 
A 3 2 e B D / D E U 5 
C O M P U T E A 3 3 
S A P A A 3 ! • A 3 2 
P A B A A 3 1 * A 3 2 
D • 1 5 D 0 • 3 0 O 0 * P A B - 2 0 D 0 * S A B 
I F ( O . E Q . 0 O 0 ) GO TO 1 0 
A 3 3 A ( 1 2 D 0 • 2 0 D 0 * P A B - 1 5 D 0 * S A B ) / O 
I F ( A 3 3 . E Q . 0 D 0 ) GO TO 1 0 
GD A A 3 3 * D E L 5 
F I N A L E V A L U A T I O N O F F » 
F 3 1 • F P C X 0 • G D ) 
NOW C O M P U T E 8TM O R D E R A P P R O X I M A T I O N 
T 3 • ( F 3 1 * F 0 P ) / G O 
D B A * A 3 2 - A 3 1 
O G B • A 3 3 • A 3 2 
OAG A A 3 1 •» A 3 3 
I F ( ( D B A . E G . 0 0 0 ) , O R . ( D G B , E Q , 0 D 0 ) , O R , ( D A G , E Q , 0 D 0 ) ) 

2 GO TO 1 0 
TL • T 1 / ( D B A * Q A G ) 
TG A T 2 / ( Q G B * 0 B A ) 
T 3 • T 3 / ( D A G * O G B ) 
D E L S « F 0 • O E L 5 * ( F 0 P • D E L S * ^ , 

2 ( T 1 * ( 0 , 5 D 0 * A 3 2 * A 3 3 + 0 , 2 5 D 0 * ( 1 D 0 / 3 D 0 ) * ( A 3 2 * A 3 3 ) 
3 • T 2 * ( 0 , 5 O 0 * A 3 3 * A 3 T * 0 . 2 5 D 0 - ( L D 0 / 3 D 0 J * ( A 3 3 * A 3 1 ) 
4 - r T 3 * ( 0 , 5 0 0 * A 3 L * A 3 2 + 0 , 2 5 0 0 - ( 1 0 0 / 3 0 0 ) * ( A 3 1 * A 3 2 ) 

AL • A 3 1 - 1 0 8 
B L • A 3 2 • 1 0 0 
G L A A 3 3 - I D 0 
D E L S A F 0 P * 0 E L 5 * ( T L * 8 L * G ! * T 2 * G I * A L * T 3 * A L * B L ) 
I F ( O £ L 9 , E Q F 0 O 0 ) GO TO 1 « 
D A D E L S / D E L " 
D Z U 3 A i < ? + ( 0 E L 5 O * ( 1 P 0 • 0 , 5 O 0 * O * V T / O E L 9 ) ) 
R E T U R N 
A B N O R M A L E X I T , R E T U R N N E W T O N S T E P 

1 0 D Z U 3 A A X 0 • 0 E L 1 
R E T U R N 
E R R O R I F F 0 P s 0 

2 0 P R I N T 3 0 
3 0 F O R M A T ( / , » * * * F 0 P A 0 , 0 I N C A L L TO 0 Z 1 1 3 A * * * » ) 

S T O P 
E N D 
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20. 
ABSTRACT-cont inued 

the solution of a special class of ordinary differential equations may be derived 
from the methods for finding zeros of functions. Numerical examples and some 
Fortran subroutines are given. 


